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PREFACE 

The discussion in this book does not cover a large number of 
mechanical appliances, not even a large number of those to be 
found in common use. An attempt has been made to select 
representative examples which best illustrate the geometry of 
machinery and to state them as briefly as possible without a 
sacrifice of clearness. 

The classification is based on the method of transmitting 
motion. This is radically difiTerent from the classification used 
in several well-known text-books which is according to the method 
of making contact, i.e., point, line or surface. The former method 
seems to lead to a somewhat less complex treatment of the subject. 

^^ In Chapter III, certain fundamental propositions are stated 

!;^ as true of all contact motions and examples in the later parts of 

the book are constantly referred back to them. 

The method of treating cams and spiral gears is original so 
far as the author knows. The material therefor, as well as for 
the other parts of the book, was culled from existing writings and 

.1 represents comparatively little experimental work. The current 

magazines, trade catalogs and the works of other authors have 

•^ been drawn upon for ideas and illustrations and credit is 

hereby given. Special mention is due the works of Rankine, Mac- 
Cord, Unwin, Reuleaux, Robinson, Stahl & Woods, Barr, Merrill 
& Schwamb, Brown & Sharpe, Anthony, Grant, Halsey and 
Logue, the class-room lectures of C. H. Benjamin and the 
columns of Machinery and the American Machinist. 
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PURE MECHANISM 

CHAPTER I 

DEFmrrioNS 

1. Mechanics of Machines or Mechanism is that branch of 
Applied Mechanics which treats of the design, construction and 
operation of machinery. 

The subject has two divisions: Pure Mechanism, sometimes 
called Kinematics of Machinery, and Constructive Mechanism 
or Machine Design. 

Pure Mechanism deals principally with the form and motion 
of machines; machine design involves questions of the weight 
and strength of parts and of the forces in operation. 

The word "mechanism" is used in two senses, first as a general 
term indicating a branch of the science of Mechanics. It is 
also used to indicate a body of special shape, as in ''a piece of 
mechanism/' or a group of such bodies so arranged as to transmit 
motion. 

In this last sense there is little difference between the defini- 
tion of a mechanism and a machine, but the word machine im- 
plies completeness, something that will do work; this element 
may be wholly lacking in a piece of mechanism. 

2. A Machine is a combination of resistant bodies, fixed or 
movable, arranged to transmit and modify motion and energy 
and to do work. Two things are pre-supposed, a source of power 
and work to be done. The machine is interposed between these 
two, and its working members may be classed under three heads: 

(a) Parts receiving the energy, 

(b) Parts transmitting and modifying the energy 

(c) Parts performing the required work. 

To this might be added two more headings: 

(d) Regulators, 

(e) Supports or frames. 

1 



2 PURE MECHANISM 

The steam engine, Fig. 1, serves to illustrate the above classi- 
fication. The piston P receives motion from the expansive 
force of the steam. The cross head J?, the connecting rod R, 
and crank C transmit the motion to the shaft S and fly-wheel D. 
These parts in turn do the work, usually on some secondary 
machine. The bed A supports the parts in their proper relative 
positions and the governor B and the valve V regulate the steam 
supply and control the speed. 




Fig. 1. 



3. Motion, in the mechanics of machinery, is understood to 
mean the movement of one part of a mechanism relative to the 
other parts, the change of position being definite in direction 
and velocity. 

4. Path. — If a point changes its position, it traces a line called 
a path. A path may be of any form whatever, in a plane or 
in space. There are, however, only a few forms of paths that are 
made use of in machine design; straight lines and closed loops 
being the most common. If the path of a moving point and the 
direction and velocity along the path are given, the motion is 
completely determined. 

6. Cycle, Period, Phase. — When a point, which is moving in 
a given path, makes a complete circuit and returns to the original 
position, such a circuit is called a cycle. The time required for 
one such complete cycle is the period of the moving point, and by 
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the phase is meant the position of the point on the path, or the 
angle turned through at a particular instant. In Fig. 2, if P is 
moving in the circumference about 0, one complete revolution 
is a cycle, the time required for one revolution is the period, and 
the phase is given by the angle 6, 

6. Forms of Motion. — Motions available for machine design 
may be classified with respect to the form of the path imder 
three heads: 

, V T»i X- I Rotation. 

(a) Plane motion | translation. 

(b) Helical motion. 

(c) Spherical motion. 




Fig. 2 



7. Plane Motion. — ^Let a section of a rigid moving body be 
made by a cutting plane, the plane is extended if necessary in the 
direction of motion; if the section of the moving body so cut 
always remains in this cutting plane or its extension, then the 
body has plane motion. Plane motion may be either rotation or 
translation. If it is rotation, the body moves around a fixed 
center located either within or without the body itself. A plane 
motion of translation may be either rectilinear, in which case 
its path is a straight line, or curvilinear, where the body moves 
in such a way as to remain always parallel to its initial position. 
The wheels of a locomotive furnish an example of plane motion 
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of rotation; the frame of the engine when moving on a straight 
track has rectilinear translation and the side rods are an illustra- 
tion of curvilinear translation. 

8. Helical Motion. — If a body has rotation around an axis 
combined with rectilinear motion along the axis, the resultant 
motion is helical, A point moving along a screw thread would 
have helical motion. 

9. Spherical Motion. — If a body revolves in two directions at 
the same time about a fixed point, located outside of the body 
itself, its motion is spherical. The motion of the governor balls, 
B, Fig. 1, belongs under this classification. 

10. Relations between Plain, Spherical and Helical Motion. — 
Helical and spherical motions are combinations of two simultan- 
eous plane motions at right angles to each other. Helical motion 
is rectilinear translation along an axis combined with a plain 
rotation about the axis. 

The governor balls, already mentioned, as an illustration of 
spherical motion, have plane rotation about a horizontal axis and 
plane rotation about a vertical axis. 

11. Revolution and Rotation. — When a body has plane motion 
aroimd an axis which is located some distance from the body 
the latter is said to revolve about the axis. 

If all the points in a body have plane motion around an axis 
which passes through the body itself, the body is said to rotate 
about that axis. For example, the earth revolves around the 
sun and rotates on its axis. 

12. Direction. — Motion in a straight line is either upward or 
downward, or to the right or left. Siich motion must be reversed 
periodically or the moving body would continue on to* infinity. 
When motion takes place in a closed loop or path, it may be con- 
stant in one direction or it may be reversible. A reversal in 
direction generally assumes a reversal in the applied force but 
this is not always the case as may be seen by Fig. 3, a mechanism 
known as a mangle wheel. The wheel, being driven by the 
pinion, will turn in the direction indicated by the arrow until 
the last pin breaches the pinion; the latter will then drop 
down in its supporting slot and the direction of the wheel be 
automatically reversed while that of the pinion remains the 
same. 
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13. Velodty, is the distance passed over by a moving body in 
any unit of time. It is commonly reckoned in inches per second, 
feet per minute, or miles per hour. By formula, velocity = 

— p • Velocity is said to be variable or uniform according 

as it changes from one instant to another or remains constant. 
When velocity is varying, the average or mean velocity is the 
whole distance passed over, divided by the time of passage; 
this may vary considerably from the velocity at any particular 
instant. Thus, if a train moves between two stations located 40 




Fig. 3. 

miles apart, in an hour, its mean velocity is 40 miles an hour, 

while its actual velocity, at a particular place on the road, may 

be much greater. 

14. Acceleration is the rate of change of velocity. Thus, if 

a body is moving at a given instant with a velocity Fo, and at 

the end of t seconds with a velocity Vt, the change of velocity is 

Vt—Vo 
Vt-Vo, and the rate of change, or the acceleration, is ^ — -* 

If a body has a velocity of X feet per second, its acceleration 
will be expressed by X feet per second per second. 

Acceleration may be either positive or negative, that is, the 
speed of a body may be increasing or decreasing. 

16. Linear and Angular Velocity. — The linear velocity of a 
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moving point is its velocity in linear dimensions along any path 
in space. The motion of the piston in Fig. 1 is an example of 
linear velocity.. 

When motion takes place around a center or an axis, it is con- 
venient to express its rate in terms of angular velocity. The 
unit of angular velocity is the radian, the radian being a cir- 
cular arc equal to the radius of the circle. A circumference 
being equal to 27rr, contains 2^, or 6.283 radians and each 
radian will subtend an angle of 57.3^ at the center. 

It follows from the above definition that the angular velocity 
of a point is equal to its linear velocity divided by the radius 
of rotation. Thus, suppose a point makes N rotations per 
minute about an axis located R feet away. Then its linear 
velocity will be 2?r RN feet per minute and its angular velocity 
will be: 

2 7r/2iNr . __ ,. 

— P — =2 n N radians per mmute. 

In any rotating body, a fly-wheel for example, if the angular 
velocity is constant, the linear velocity of any point in the body 
will vary directly as its distance from the center of rotation. In 
Fig. 2, if 5 represents the angular velocity of a body rotating about 
O, at a given instant and MQ the corresponding linear velocity 
of a point P, then NL would represent the linear velocity of this 
point if it were located at some other position as P'. But from 
similar triangles, MQ:NL::OM :0N. It follows then, that 
there may be any number of linear velocities in a rotating body, 
but the angular velocity at any instant can have but one value. 

16. Continuous, Intermittent and Reciprocating Motion. — If 
motion continues indefinitely in a fixed path without a reversal 
in direction, such motion is said to be continuous. The fly-wheel 
in Fig. 1 has continuous motion. When motion is interrupted 
by periods of rest the motion is intermittent. The motion of the 
governor balls in a vertical plane, in the same figure, is intermit- 
tent. If motion takes place over a fixed path, in a given direc- 
tion, for a given length of time, and then reverses its direction, 
moving over the same path in the opposite direction it is said 
to be reciprocating motion. The cross head and piston of Fig. 
1 have reciprocating motion. 
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17. Driver and Follower. — When two bodies are moving in 
contact so as to transmit motion from one to the other, the body- 
that imparts the motion is called a driver and the body which 
receives motion from the driver is the follower, 

18. Free and Constrained Motion. — ^AU motion is either free 
or constrained. A body which has no rigid connection with other 
bodies has free motion. The planets are examples of free motion, 
since every disturbing force acting upon them alters their paths 
to a certain extent. A body which has a rigid connection with 
other bodies, thereby restricting its motion to a definite path, 
is constrained. All motions available for machine design are 
constrained motions. Constrainment is attained by pairing. A 
machine is made up of a definite number of pairs of elements, 
the members of each pair being so related that the fixed one pre- 
vents every motion of the movable one except the motion desired. 
One member of a pair is the envelope of the other, the shape of 
the envelope depending upon the nature of the motion. When 
all motion of the constrained element except the one desired, is 
prevented, the pair is closed. Thus in Fig. 1, the shaft S is con- 
strained by its block so that it can have no motion except that 
of rotation on its axis. Kinematically, it makes no difference 
whether the movable element of a pair or the fixed one is the 
envelope. Thus the shaft may move and the envelope remain 
fixed or the reverse may be the case. 

19. Open or Force Closed Pair. — When one element of a pair 
is not completely constrained but only enough to resist forces 
acting in a certain direction, the pair is an open one. The track 
rail and wheel of a locomotive form an open pair, the constrain- 
ing power of the envelope is in this case assisted by the force of 
gravity, hence pairs such as this are sometimes called force 
closed pairs. 

20. The Contact, existing between any pair of elements may 
have any one of three forms: (1) point, (2) line, (3) surface. In 
point contact the surfaces touch each other only in a single point 
as when two spheres are in contact in ball bearings. 

If two cylinders, having their axes parallel, be placed in con- 
tact they will touch each other along a straight line. Two ele- 
ments in line or point contact are sometimes termed a higher pair. 

When two elements are in contact over a definite area they are 
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in surface contact and in some systems of classification fonn 
what is known as the lower pair. 

21. Object of Ejnematical Analysis. — This is to investigate the 
form and contact of bodies and the form, direction, velocity and 
acceleration of their motion. 

22.. Classification of the Subject. — Motion may be transmitted 
from a driver to a follower by direct contact, the bodies, touching 
each other on a point, line or surface or the motion may be trans- 
mitted by indirect contact, a third piece or connector being used 
to join them together. 

Each of these methods may be subdivided under two heads, 
thus: The action between two pieces in direct contact may be 
either rolling or sliding. 

If a third piece is used between driver and follower, it may have 
the form of a rigid link like the side rod of a locomotive, or a 
flexible band like a leather belt. 

Two systems have been used to classify the elements of pure 
mechanism. In one system the classification is based on the 
method of contact and mechanisms are grouped according as 
they contain one, or more than one combination of either higher 
or lower pairs. 

The other system and the one which is adopted in this book, 
classifies mechanisms according to the method of transmitting 
motion. 



Thus: 



Modes of transmitting 
motion. 



By intermediate 
connectors. 



{ 



By direct contact. 



Links. 

Wrapping; connectors. 

Rolling. 

Sliding. 

Mixed. 



PROBLEMS 

1. B and C are two stations located 40 and 70 miles respectively from 
station A, If a train runs from A to ^ in 80 minutes and from B to C in 
00 minutes what is the mean velocity between A and C, 

2. If the above' train starts from rest at station A and attains a velocity 
of 60 miles an hour at the end of the fifth minute, what is the average 
acceleration? 

3. If the brakes are applied while running at a maximum velocity of 90 
miles per hour, two minutes before reaching station C, what is the negative 
acceleration? 
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4. A fly-wheel 10 ft. in diameter has a rim velocity of 4000 ft. per minute. 
What is its angular velocity? 

5. What is the linear velocity of a point 4 ft. from the center of the wheel 

6. Find the linear and angular velocity of a point on the rim of a 5 ft. 
driving wheel of a locomotive when the engine is running 48 miles per hour. 



CHAPTER II 

GRAPHICAL ANALYSIS OF MOTION 

23. Motion Diagrams. — The three properties of motion, direc- 
tion, velocity and acceleration, may be represented by lines, the 
direction of the motion being shown by the direction of the line 
and velocity and acceleration by the length of the line. 

The scale used may be in feet per minute or inches per second 
or any other combination of time and distance that is convenient. 
The scale for angular motion is in degrees per unit of time. In 




'^Z 



Fig. 4. 



rectilinear motion, the speed may be scaled off directly along the 
path. If the motion is curvilinear it can be shown by the tangent 
to the curve along which a body is moving at any instant, the 
length of the tangent representing the speed at that instant. 

In Fig. 4 let a point be moving along a straight path, ZZ\ at 
the rate of 50 ft. per minute, and suppose a scale of 20 ft. to the 
inch is chosen, then 2\ in. laid off on ZZ' represents this 
motion. 

If the point is moving along the curve Xy at the same speed as 
before, its velocity at the instant of passing Z can be shown by 
scaling off 2\ in. on the tangent ZZ'. 

The figure used for the graphical representation of motion is 

10 
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called a motion diagram, it may be an irregular curve or a poly- 
gon of any number of sides. The motion diagram has two uses, 
one being to determine unknown properties, the other to show the 
form of some unfamiliar motion by representing it in relation to 
one that is more familiar. 

Graphical solutions are only approximate but by choosing a 
coarse scale they are sufficiently accurate for practical purposes. 
Their advantage lies in the appeal to the sense of proportion, 
through the eye, and errors are thus easily detected. It is well, 
in analyzing motions to calculate them analytically and then 
check by the graphical methods. 

24. Resolution of Motions. — In Figs. 5, 6 and 7, if motion 
takes place in the direction AC, the extent and velocity of the 
motion in the directions AX and AY may be required. AB and 




Fig. 5. 



AD are called the components of AC and the process of finding 
them is called the resolution of motions. Where a motion is 
given to find its components, three cases present themselves: 

(a) Direction of two components known, 

(b) Magnitude and direction of one component known, 

(c) Magnitude of two components known. 

Case (a), Fig. 5. Let the motion be represented by the line 

AC. Draw the indefinite lines AX and AY in the known direc- 
tion of the components. Through C, draw a linie parallel to 
AX, cutting Ay at D. Also through C draw a line parallel to 

AD, cutting AX in B. AB and AD are the required components. 
Case (b), Fig. 6. The known motion is given by the line AC. 
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Draw the indefinite line AY in the direction of the known com- 
ponent and lay off on it the known distance AD. Connect CD. 
Draw AX parallel to CD, and through C draw a line parallel to 
AD, cutting AX in B. Then AB is the other component. 




Fia. 6. 




Fig. 7. 



Case (c), Fig. 7. Two solutions are possible for this case* 
Let the lines m and n represent the length of the two components 
of AC. 

With A as a center and radius equal to m, draw an arc WW; 
and with A ass, center and n as a radius, draw another arc XX'. 
Then with C as a center and radii equal to m and n, draw the 
arcs y y and ZZ' intersecting the first pair of arcs in B and D. 
Draw the parallelogram ABCD. Then AB and AD will give 
the position of the components sought. 
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The second construction is similar to this except that the in- 
tersections E and F, on opposite sides of AC, are used to con- 
struct the figure. 

Figs. 5, 6 and 7 are called parallelograms of motion. '^ 

To find the components of a motion, it is generally unneces- 
sary to construct the whole parallelogram. Since in the figure.*, 
CD equals BA, it is only necessary, after laying out AC and 
AD, to connect CD. The triangle ADC equals the triangle 
ABC = h ABCD. 

This is called the triangle of motions, its use saves the time 
and labor of drawing the whole figure. 

26. Composition of Motions. — When the extent of a motion 
in the direction of two axes is known the actual motion may be 
found by a reversal of the method just described. The actual 




Fig. 8. 

motion is called the resultant of the motions in the separate 
axes and the process of finding the resultant of a number of sepa- 
rate motions is known as the composition of motions. 

In Fig. 8, let AB and AD be two motions, known in amount 
and direction, laid off to any convenient scale. Through B 
draw BC parallel to AD, and through D draw DC parallel to 
AB, thus forming the parallelogram ABCD. The diagonal AC 
is the resultant of the given motions. 

If more than two motions in one plane are given, the result- 
ant can be found by forming a parallelogram with any two of 
the motions as sides, its diagonal can then be combined with 
one of the remaining motions and so on until all of the given 
motions have been involved. 

In Fig. 9, let AB, AC, AD, and AE be given to find their re- 
sultant. First combining AB and AC, we get AX. AX is 
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then combined with AD and the resultant is AY, Then AY 
can be combined with AE^ giving the parallelogram AYZE. 
The diagonal AZ is the final resultant of the system. 

From this discussion, it follows that a motion may have any 
number of components but several components can have only 
one final resultant. 

In whatever order the components are combined, the final 
resultant will be the same; thus, AB may be combined with AC, 
AD, or AE, and the resultant so found again combined with one 
of those remaining. The final resultant will still be AZ 




It follows from the examples given, that, in combining two 
components into one resultant, or resolving a motion into two 
components, six elements are involved, namely; the directions 
and velocities of the three motions. If four of these elements 
are given, the other two may be found. 

26. The Instant Center. — When a point is moving in a plane 
its motion at a given instant is equivalent to rotation around 
some other point in the plane. This momentary center of rota- 
tion is called an Instant Center and its location is anywhere on a 
line drawn through the moving point and perpendicular to its 
instantaneous direction. 

In Fig. 10 if a point is moving in the direction ZT, its motion, 
at the instant of passing X, is equivalent to a rotation about any 
center as O, on OX, the perpendicular to ZT. 
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If the point is moving in the curve XY, its direction, at the 
instant of passing X, is along ZXT, the tangent to XF at the 
point X. And again, its instant center can be located on OX. 
Hence, to find the instant center of a moving point: draw a tangent 
to the path along which the point is moving at the instant taken, 
erect a perpendicular to the tangent, at the point, and locate the 
instant center anywhere on the perpendicular so drawn. 

If Jf F is an arc of a circle, will be a fixed center, that is, the 
center of the circle of which XF is an arc. If XY is not a cir- 
cular arc, the position of changes whenever the radius of 
curvature of XF changes. The path traced by this moving 




Fig. 10. 



instant center is called a centrode. Stating it another way, a 
centrode is the locus of the instant centers of a moving point. 

27. Instant Axis. — If a Une be passed through the instant center 
of a moving point, perpendicular to its plane of motion, it will 
be an instant axis of the point. 

In Fig. 11, a point moving in the path XY has the direction 
of XT perpendicular to the plane ABCD, at the instant of pass- 
ing X. Its instant center can be located on any line drawn 
through X and lying in the plane ABCD, as at 0, (Y or 0" 
Its instant axis will be a line drawn through any one 
of these points and lying in the plane ABCD. 

In the general case of a point moving anywhere in space it is 
necessary to refer the motion to one or more instant axes instead 
of a center. 

28. Simultaneous Axes. — Two or more points moving in a 
plane may have a common instant center. Thus in Fig. 12 let 
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the points P and P' be moving in the directions indicated by V 
and V\ Draw ZQ, perpendicular to PV and YQ perpendicular 
to P'V\ Then the instant center of P may be anywhere on ZQ 
and the instant center of P' may be anjrwhere on YQ, The 
common instant center therefore lies at Q the intersection of 
ZQ and YQ. 

If the motion of a third point P" in the same plane is required, 
it may be determined by drawing a line from the point to the 
instant center and erecting a perpendicular to the line at the 
point. 




-^r 



Fig. 11. 



When the direction of the moving points is parallel as in 
Fig. 13 (a) the instant center is an infinite distance away and 
therefore indeterminate. If however the motions are parallel 
but opposite in direction as in Fig. 13 (6) the instant center, Q 
will lie between them. 

If the points are not all in the same plane their motion 
must be referred to a common axis through Q. The location 
of such an axis is shown in Fig. 14. The points P and P' 
are anywhere in space a finite distance apart and moving in any 
directions as PV and P'V. Pass planes through P and P' 
perpendicular to the directions of motion. Then the instant axis 
of P may be anjrwhere in the plane ABCD; also the instant axis 
of P' may be any where in the plane A'B'C'D'; Since a line which 
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lies in two planes must lie at their intersection, the line passing 
QQ' is the instant axis sought. 

29. Axes of Rotation of Rigid Bodies. — The motion of a rigid 
body may be referred to an axis which intersects the body as in 
the case of the fly-wheel of Jig. 1, where the axis is at the center 
of the wheel or the motion of a body may be referred to an axis 
which lies entirely without the body as that of the fly balls on 
the governor in .the same figure. 

If an instant axis of rotation remains constantly in one position 
it is called a fixed axis. These axes may be located by drawing 
a line through any point on the perpendicular to the direction 
of motion at the instant considered. 

If the motion of two or more bodies is considered, their simul- 
taneous axis will pass through the intersection of the perpen- 
diculars to their instantaneous directions of motion. This axis 
can always be located when the motion of two of the bodies is 
known. Then the motion of any other body in the system can 
be found by drawing a line through the axis and the center of 
the body and taking its direction perpendicular to this line. 

A case of common occurrence in the analysis of mechanism is 
that of two bodies having relative motion to each other and 
also to a third body which may be either fixed or movable. 
Besides the simultaneous instant axes already noted these 
bodies will each have an axis through the third body about 
which it rotates and they will both contain a point that has the 
same linear velocity in each of them. It can be proved that 
these three points always lie in the same straight line and by 
taking advantage of this property it is often possible to deter- 
mine the direction and velocity of parts of a complicated piece 
of mechanism from the known properties of other parts. 

30. Application of the Instant Center and Velocity Diagram. — 
In Fig. 15 which may be taken to represent the crank, connect- 
ing rod and cross head of the steam engine of Fig. 1, suppose 
the velocity of C is required at a given instant, the velocity of P 
being known. The instant center of C lies on the perpendicular 
to the path of C The instant center of P lies on the perpen- 
dicular to PTj which is tangent to the path of P. Their common 
instant center will lie at Q and through Q will pass the instant axis 
of the rod. If the linear velocity of P is PN, draw QN and then 
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lay ofif on QC continued the distance QP' equal to QP. At P' 
lay oflf the perpendicular P'JV' equal to PN and draw QN\ 
Then CM will be the velocity of C at the instant taken, for in the 
triangles QP'N' and QCM, CM: P'N' ::QC: QP'. Hence CM is to 
P'N' as the velocity of C is to the velocity of P. The velocities 
being proportional to the distances from Q. 

31. Two Axes and Point of Common Velocity.— In Fig. 16, 
let A and B be two wheels having axes and Q and a point of 
common velocity P. Then these three points will lie in the same 
straight line and if the velocity of P is known the velocity of any 
point in either wheel can be determined. 




Fig. 15. 



Suppose P to lie at P' anywhere oflf of the line OQ. The veloc- 
ity and direction of P around at any instant is P'Nj perpen- 
dicular to 0P\ The velocity and direction of P around Q at the 
same instant will be P'JV', perpendicular to QP\ Hence we have 
a point moving in two directions at the same instant with the 
same velocity^ which is impossible. P can have the same linear 
velocity about both and Q only when its direction about both 
points is the same. Since the directions are always perpendicu- 
lar to the radii, if the perpendiculars coincide in direction the radii 
must lie in the same straight line, and this happens only when 
they coincide with the line OQ, or when 0, P and Q are in the 
same straight line. 
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If PV represents the instant velocity of P then LAf, the velocity 
of L, any other point on il, is found by laying oflf its distance 
from an OP, and constructing the triangle OLM, similar to 
OPV. In like manner the instant velocity of jR, any other point 
on jB, may be found. 

32. Axes and Velocity Points in a System of Bodies. — By using 
the principle of Art. 31, the axes and velocity points in a train 
of mechanism that contains more than two bodies may be found. 
In analyzing the motions of such a train the bodies are taken in 
pairs and their motion considered relative to a third body which 
may be either fixed or movable. 
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In the four-link mechanism, Fig. 17, let B, C and D be movable 
bodies and let A be fixed. Each of the moving bodies willhave 
an axis through A about which it rotates and each pair of mov- 
ing bodies will have a point of common velocity. 

The axis in A about which B rotates is a6, that of D is ad. 
The point of common velocity on D and C will be cd, and the 
point of common velocity between B and C will be 6c. 

To find the fixed axis in A, or A extended, about which C 
rotates, take the direction of cd and cb at any instant and find 
the intersection of the perpendiculars to these directions, as at 
ac. To find the point of common velocity on B and D; since the 
axes and point of common velocity of two bodies lie on the same 
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straight line, the point sought must lie somewhere on the line 
ad — ofe, or on an extension of it. The axes on C about which 
D and B rotate are cd and be and the point of common velocity 
will lie on a Une through these points, hence it must lie at the 
intersection bd. 

Tabulating the bodies with their centers and velocity points 
we have the following arrangement : 



Bodies 



Axes and velocity points 



ABC 

ab be cd 
ac bd 
ad 



D 




Fia. 17. 



Of these 6d, be and cd are points of common velocity. 

Since there are four links and the total number of points in- 
volved is six the number of points and axes may be expressed 
by the formula: 

N(N—1) 

o =P, where N is the number of bodies in the system and 

P is the total nimiber of points. 

The number of velocity points is equal to the number of pairs 
of moving bodies, in this case three. 

33. Analysis of a Mechanism of Six Bodies. — In Fig. 18 there 
is a fixed body A, and five moving bodies B, C, D, E, and F. The 
total number of axes and velocity points will be, 
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They will be ai 


Tanged in 


L the following order: 


A 


B 


C 


D 


E 


F 


ab 


be 


cd 


de 


ef 




ac 


bd 


ce 


df 






ad 


be 


cf 








ae 


bf 










af 













The figure shows the location of all the points. All of the in- 
tersections which involve A are fixed axes and there are five of 
them. 




Fia. 18. 



It must be noted in the solution of problems of this class that 
an axis in a body may lie either in the body as shown or in an 
extension of it. Thus the axes ac and ae are in an extension 
oiA. 

There are ten possible arrangements of the moving bodies in 
pairs and consequently ten points of common velocity. 

The location of the axes and points is found as follows: 

Take any two of the bodies as B-D and consider their motion 
with respect to some third body A. The axes of D and B in 
A, are ad and ah, the point of common velocity must therefore 
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lie on this line or an extension of it. Now take the motion of 
B and D with relation to some other third body as C. The axes 
of D and B, in C, are cd and 6c. The point of common velocity 
must therefore lie on this line or an extension of it. The inter- 
section of the two lines gives M, the point sought. 

The use of the letters to designate the axes and velocity points 
in the manner here shown affords a convenient check on the work 
for it will be seen that the designation of the three points con- 
tains only the three letters which name the bodies involved 
Thus in the points ah, ad and bd we have only the letters A, B 
and D which are the names of the bodies under consideration. 

Suppose it is required to find the velocity of any point as ef 
in this mechanism when the velocity of some other point, as cd, 
is known. Lay out cd-X, perpendicular to cd-ad. Then by 
similar triangles, the velocity of d/ in Z) will be found to equal 
LM. The body F rotates about aj and df has the same velocity 
in both F and D. Lay off L'Af ' equal to LM on F extended and 
as far from its center of rotation as that center is from the point 
of common velocity df. Then by similar triangles, the velocity 
of ef is found to be e/-iV. 

From this the following rule may be deduced for finding the 
velocity of any point in a mechanism when the velocity of some 
other point is given: From the velocity of the given point Jmd the 
velocity of the common point, then from the velocity of the common 
point find the velocity of the required point. 



PROBLEMS 

1. Locate the centrode of a point moving in the circumference of a circle. 

2. Locate the instant center of a connecting rod of an engine when the 
rod is 18 in. long, the crank 6 in. long and the center line of the rod tangent 
to the crank pin circle. 

3. Locate an instant axis of the three moving points A, B and C; A moving 
in a straight line, B in the circumference of a circle and C in an irregular 
curve, the plane of all the motions being parallel. 

4. AB, AC, AD and AE are four motions having velocities of 10, 20, 
and 37 ft. per minute respectively. 1( AB ia horizontal and the other 
motions make angles of 10, 15 and 30 degrees respectively in the same plane 
with it, find the resultant motion. 

5. A body is moving at the rate of 30 ft. per second, (a) Find its two 
components, one making an angle of 15 and the other 30 degrees with it. 
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(b) The same motion has one component of 10 ft. per second makmg an 
angle of 15 degrees with it. Find a second component. 

(c) Same motion has components of 25 and 12 ft. per second. Find their 
direction. 

6. Two circular disks, of 10 in. and 20 in. diameter, are in contact and the 
larger makes 100 r.p.m. Find the linear velocity at the point of contact and 
the linear velocity of a point 5 in. from the center of the large disk. 

7. In Fig. 17, let the links have the following dimensions: A 5 in., C 4 in. 
B 1 in. and D 2 in. Find the velocity of the point &c, when D is rotating at 
the rate of 50 r.p.m. 

8. Find all the axes and velocity points and the velocity of all the points 
under the following conditions in a mechanism similar to: 

Length of A 6 in. 
Length of C 4 in. 
Length of ^ 2 in. 
Length of F 3 in. 
Length of B 1 in. 
Length of D li in. 
Distance from a& to o(f 2 in. 
Distance from ec to he l}in. 



CHAPTER III 

FUNDAMENTAL RULES IN TRANSMITTING MOTION 
FROM A DRIVER TO A FOLLOWER 

34« Directional Relation. — In Fig. 19, A and B may be any two 
curved pieces, in contact at a particular instant at P. P is 
called the point of contact, OP and (yP are the radii of contact, 
rr' drawn through P tangent to the curves is called the com- 
mon tangent, UN' and a line through P perpendicular to the tan- 
gent, is the common normal. 




.-vjk 



FiQ. 19. 

If A is turning about as a center, the point of contact on A 
will describe a circle about 0, with radius OP. Assuming A 
to rotate clockwise, the direction of P at the instant taken will 
be PF, tangent to the circle that P describes about 0, and per- 
pendicular to the radius OP. Also, if B is turning about 0' the 
point of contact on B, will have the instantaneous direction PF', 
perpendicular to O'P. Then B also turns clockwise, as shown 
by the figure, otherwise the pieces would pass or intersect each 
other, which is contrary to the assumption that they are to 
remain in contact with one piece driving the other. 

25 
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In Fig. 20 the fixed centers and 0' are on opposite sides of 
the common normal. Suppose A to be the driver and to rotate 
clockwise, then the direction of the point of contact on A at 
a given instant can again be represented by PV. If the pieces 
do not pass or intersect each other the motion of the point of 





contact on B, at the same instant will be represented by PV. 
Then the rotation of B is counter-clockwise, and the two pieces 
turn in opposite directions. 
Therefore for two pieces in direct contact: 




(a) If the fixed centers of motion are both on the same side of 
the comtnon normal, the pieces wiU rotate in the same direction, and 
if the fixed centers are on opposite sides of the common normal, 
the pieces toili rotate in opposite diredions. 

The application of this law to circular wheels is shown by Fig. 
21. Here the point of contact lies between the centers, and the 
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wheels rotate in opposite directions. In Fig. 22 the centers are 
both on the same side of the point of contact and the wheels 
will rotate in the same direction. 

In Fig. 3 was shown a mechanism in which the relative posi- 
tion of the centers of driver and follower changes as motion pro- 
ceeds and the wheels rotate at first in the same direction and then 
in opposite directions. 




Fig. 22. 



36. Velocity of a Follower in Direct Contact. — Motion is 
transmitted by direct contact, by virtue of the normal pressure 
between the acting surfaces and the velocity of two pieces in the 
direction of the common normal must be equal or the pieces will 
either separate or intersect. Then if PF, Figs. 19 or 20, repre- 
sents the linear velocity of a point on A at any instant, the linear 
velocity of a point on B at the same instant can be found, by 
aid of the triangle of velocities as follows: Through V draw a 
perpendicular to the common normal, and produce it until it 
intersects the perpendicular to O'P at V. In the triangle PV'Ky 
PK is known in amount and direction, being the base of the 
known triangle PVK, and having the direction of the common 
normal; also the other two sides PV and V'K are known in 
direction. Then PV which represents the velocity of B, is 
completely determined. Hence if the direction is known, when 
two pieces are moving in direct contact: 

(b) If the velocity of a point on one piece, at a given instant, is 
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knovm, the velocity of a corresponding point on the other piece can 
be found, because the components of these velocities in the line of the 
common normal are equal. 

36. Velocity Ratio. — If the angular velocity of a driver be 
divided by the angular velocity of the follower, the quotient 
will be the velocity ratio. This ratio may be either constant or 
varying according to the shape of the bodies in contact. Thus 
two circular wheels will have constant velocity ratio while two 
elliptical wheels will have a constantly varying velocity ratio. 

In Figs. 19 and 20, let ^i equal the angular velocity of A about 
0, and ^2 the angular velocity of B about 0'. 

_, , 1 -x r -xu • linear velocity of P 

The angular velocity of either piece = -^diFs-^f^^Sta^- 

Also, as has just been shown, the linear velocity of a point 
on either piece can be found if the velocity of a corresponding 
point on one of them is given. 

Dividing the linear velocities by their respective radii will 
give the angular velocities, and finally the angular velocity ratio 
can be determined by dividing one angular velocity by the other. 
A more direct method of finding this ratio is given by the fol- 
lowing: drop the perpendiculars OF and O'G from the fixed 
centers upon the line of the common normal. 

PV . PY' 

^i=PQ and ^^=~p6' 

The triangles PVK and POF are similar; 
Also, triangles PVK and PO'G are similar. 

' • OfPO "O'G"" PO' 

^^^^ (Ot~OF^Pk OF 

Let the line of centers intersect the common normal at I. 
The triangles lOF and lO'G are similar, 

70' O'G oji 



and 



10 OF Wi 



Hence for two pieces moving in contact: 

(c) The angular velocity ratio is inversely proportional to the 
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perpendiculars let fdU from the fixed centers of motion upon the 
common normal, or the angular velocity ratio is inversely propor^ 
tional to the segments into which the line of centers is divided by 
the common normaL 

The application of this law to a pair of circular wheels is 
shown by Fig. 21. 

Let N and M be two points having the same linear velocity, 

N 
then angular velocity of -4. = ^ = <wi 

andy 

angular velocity of 






Then 



^1 



N 
R 
M 



R 

R^ 



37. Directional Relation, Velocity and Velocity Ratio, 
Connectors. — In Figs. 23 and 24, let and 0' be fixed centers, 
and A and B rotating arms connected by the link PP\ 




Fig. 23. 



In Fig. 23, if A is the driving arm and P moves at a given in- 
stant in the direction PV perpendicular to OP, then P' must move 
in the direction P'V perpendicular to O'P', or the link would be 
shortened. But the assumed rotation of A is clockwise, therefore 
from the figure the rotation of B is also clockwise, and the arms 
turn in the same direction. In Fig. 24, where and (/ are on 
opposite sides of the link, if the motion of P at a given instant is 
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represented by PV, then P' must move in the direction P'V, 
or the link would be stretched. But here the direction of A is 
counter-clockwise, and the direction of B is clockwise, therefore 
in this case A and B turn in opposite directions. 

Again, in either figure, if PF represents the linear velocity 
of P at any instant, the component of this velocity in the line 
of the link will be PK, and this component must equal the com- 
ponent of P'V in the line of the link, or else the points P and P* 
would either approach each other or separate, which is contrary 




Fig. 24. 



to the idea of a rigid link. Then if PV is given, P'F' can be found 
as follows : Drop the perpendicular VK and lay off P'K' equal 
to PK. Draw P'X perpendicular to O'P'. Erect a perpen- 
dicular at K' intersecting P'X in V. 

To find the angular velocity ratio of the pieces, drop the 
perpendiculars OF and O'G. 

Remembering that angular velocity = - 



radius 



PV 



let <oi = angular velocity of A =pQ 

P'F' 
and 0)2 = angular velocity of -B = 'pfQ? 

The triangles PVK and POF are similar: 
Also triangles P'V'K' and P'OV are similar. 



Then 



And 



PK_PV_ 
OF^PO'^"^ 

P'K' P'V 
'O'C'^'P'O'^"^^ 
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Therefore 



(02 0F^P'K'''0F' 



(Since PK=^P'K') 

Let the line of centers intersect the line of the link at /. 

The triangles lOF and lOV are similar. 

OF 



Therefore 



10 UP o)t 

Conclu^ons similar to (a), (b), and (c) of Arts. 34, 35 and 36 
can now be derived for a pair of rotating arms connected by a 
rigid link: 

(d) // the fixed centers of motion are both on the same side of 
the line of the link, the arms will rotate in the same direction; but 




'::^z 



Fig. 25. 



if they are on opposite sides of the line of the liriky the arms will 
rotate in opposite directions. 

(e) // the instant velocity of any point in the link is known^ the 
velocity of any other point can be found, for the components of these 
velocities in the line of the link are equal. 

(f) The angular velocity ratio of the arms is inversely propor- 
tional to the perpendiculars let fall from the fixed centers of motion 
upon the line of the link, or it is inversely proportional to the seg- 
ments into which the line of centers is divided by the line of the link. 

38. Angular Velocity Ratio of Links by Instant Centers. — In 
Figs. 25 and 26 produce OP and O'P' until they intersect at Q. 
Then Q is an instant center for the motions of P and P' and 
hence for the link PP\ 
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Suppose (o to represent the instantaneous angular velocity 
of PP' about Q. 

Let PV be the linear velocity of P at a given instant, and P'V 
the linear velocity of P' at the same instant. 

PV P'V 
Then oj = p^^prQ 

Drop the perpendiculars VK, OF, 0'(?, V'K' and QR upon the 
line of the link. 

The triangles QPR and OPF are similar; also the triangles 
QP'R and (TP'G are similar. 




FiQ. 26. 



Then if wj and <uj represent the angular velocities of P and P* 
about the centers and 0': 



<!h _PV PQ _PQ OR 
(o ~OP^PV~OP~OF 

w_P^ O'P' O'P' O'G 
(ot~ P'Q ^P'V'P'Q ~QR 



(1) 
(2) 



1? .,^ Aro^ u *"» s^ '^ ^» QR ^OV O'G 10' 
From (1) and (2) we have- X-=-oi^X-q^=-q^ = j^ 

which is equivalent to statement (/) Art. 37. 

39. Directional Relation Velocity and Velocity Ratio, Wrap- 
ping Connectors. — In Figs. 27 and 28, let A and B be two curved 
pieces, connected by a flexible and inextensible band PP\ As 
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the pieces rotate about the centers and (/, assuming A to be 
the driver and the rotation to take place in the direction shown, 
the band will be unwrapped from B and wrapped around A. If 
only that part of the band between the tangent points P and P' 




Fig. 27. 



is considered, it will correspond to the link PP' in Figs. 23 and 24, 
and the radii of contact OP and O'P' will correspond to the arms 
OP and O'P'. Then by drawing PV and P'V to represent the 
instant velocities, dropping the perpendiculars OF and O'G, and 




Fig. 28. 



locating /, the latter being the intersection of the line of centers 
with the line of the belt, statements like (d), (e), and (f) of Art. 
37 can be shown to hold true for a wrapping connector. By 
producing the radii of contact OP and O'P' until they intersect, 
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the velocity ratio may be determined by the method of instant 
centers, as in Art. 38. 

Therefore, for rotating pieces connected by a flexible band: 

(g) // the fixed centers of motion are both on the same aide of 
the wrapping connector, the two pieces mil rotate in the same direc- 
tion; and if (he centers are on opposite sides of the wrapping con- 
nector j the pieces will rotate in opposite directions. 

(h) // the velocity of a point on the driver is known, the velocity 
of the corresponding point on (he follower can be found, because the 
components of these velocities in the line of the connector are equal, 

(i) The angular velocity ratio of the pieces is inversely propor- 
tional to the perpendiculars let fall from the fixed centers of motion 
upon the line of the wrapping connector, or it is inversely propor- 
tional to the segments into which the line of centers is divided by 
the line of the wrapping connector. 

40, The General Case. — In each of the preceding cases if 
the equivalent expression, line of action, be substituted for 
"common normal,'' "line of the link," and "line of the wrapping 
connector," then three perfectly general statements can be made 
regarding the velocity and directional relations of moving pieces. 

I. // the fixed centers of motion are both on the same side of the 
line of action, the driver and follower move in the same direction, 
but if the centers are on opposite sides of the line of action, the 
pieces will move in opposite directions. 

II. The components, in the direction of the line of action, of the 
instant velocities of a driver and follower are equal and if the velocity 
of one element is given, the other can be found. 

III. The velocity ratio of driver to follower is inversely propor- 
tional to the perpendiculars let fall from the fixed centers of motion 
upon the line of action, or it is inversely proportional to the segments 
into which the line of centers is divided by the line of action. 

These rules are true, no matter which piece is taken as the 
driver or follower. 

41. Condition for Constant Angular Velocity Ratio. — It is often 
necessary to have the velocity ratio between the driver and fol- 
lower a constant. From rule III of Art. 40, Figs. 21 to 28, 
we have: 

0)2 10 



FUNDAMENTAL RULES 35 

Now if — is to be constant, then -777 must be constant that 

is, the two segments of the line of centers must be of constant 
length. Therefore, the condition for constant angular velocity 
ratio: 

IV. The line of action mvsi cut the line of centers in a fixed point. 

42. Definition of Rolling and Sliding Contact. — When one 
piece of mechanism is driving another by direct contact, the 
nature of the action between them is either pure roUingt pure 
diding, or mixed rolling and sliding. 

In pure rolling contact, consecutive points on the driver 
come in contact with consecutive points on the follower, as the 
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motion proceeds. In Fig. 29, if P, 1, 2, 3, are consecutive points 
on A, and P, 1', 2', 3', are consecutive points on B, then as the 
two pieces turn about the axes and 0\ 1 will fall at 1', 2 will 
fall at 2', and so on, as these points come successively to the line 
of centers. 

In pure sliding contact, a single point on one element must 
come in contact with all the consecutive points on the other. 
That is, if B is stationary and A turns, the point P, on B, will 
come in contact with all the points 1, 2, 3, on A. 

If both pieces turn, but A turns more slowly than B, so that 
there is still slipping between the two surfaces, the contact is 
mixed rolling and sliding. 

43. Condition for Pure Rolling Contact— In Fig. 30 let A 
drive B by direct contact and let PV and PF' represent the 
velocity of a contact point on each piece at a given instant. The 
normal component PH shows the velocity with which motion 
is positively transmitted or the velocity with which A pushes 
B, and the tangential components PK and PG indicate the 
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lost motion, or that part of the velocity which is not being 
transmitted. When the fixed centers are on opposite sides of the 
common normal, as in Fig. 30, [PG—PK] represents the veloc- 
ity of sliding between the pieces. If the centers are on the same 
side of the common normal, as in Fig. 31, the tangential com- 
ponents PG and PK lie in opposite directions and their sum 
equals the velocity of sliding. In pure rolling contact, the slid- 
ing of one piece on the other is zero, that is, the tangential com- 
ponents are both zero or equal. By Art. 35 (b) the normal 
components are always equal. Now both the normal and tan- 
gential components of PV and PV are equal only when PV and 




PV are equal and coincide in direction. But PV is perpen- 
dicular to OP, and PV is perpendicular to O'P, Then if PV and 
PV' lie in the same direction, OP and O'P must lie in the same 
direction, and P will be located on the line of centers. Hence 
the condition for pure rolling contact: 

V. The point of contact must lie on the line of centers, 
44. Constant Angular Velocity Ratio and Pure Rolling Com- 
bined. — There are a number of curved surfaces which will act 
together and fulfil the condition of constant angular velocity 
ratio or the condition of pure rolling contact, but rolling circles 
are the only curves that will fulfil both conditions at the same 
time. The driving action between a pair of rolling circles, 
however, is not positive, for motion is transmitted from one to 
the other by virtue of the friction between the two acting 
surfaces. 
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4S. Condition for Positive Driving. — When one piece ia driv- 
ing another by direct contact, the action ia positive if the point 
of contact on the driver dieplacea the point of contact on the 
follower along the normal. In Fig. 31 the driving action is 
positive, and the figure shows that if the pieces are to remun in 
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contact, the contact radius of the driver must increa^ ae fast 
as that of the follower decreases. This is sometimes stated as 
the condition of positive driving, but the statement is not per- 
fectly general; for example, in Fig. 32, A may rotate and drive 
B continuously, while its radius remains constant. Again in 




Fig. 33, the fixed centers might be so located that, with either 
A or 5 as a driver, the radius of one would increase as the other 
decreased for a short duration of the motion; but when a posi- 
tion such as that shown in the figure is reached, there will be no 
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motion transmitted, for the normal to the acting surfaces passes 
through 0', and the effect of A as a driver is only to compress B 
or to move the center 0\ Whenever positive driving does take 
place, the common normal does not coincide with the line of 
centers. This is shown by Figs. 19, 20, 30 and 31. 

The following statement, therefore, of the condition of posi- 
tive driving is general and true for all cases of contact motion: 

VI. TAe common normal must not pass through either of the fixed 
centers. 




Fig. 33. 

46. From the above conditions of constant velocity ratio, 
pure rolling contact and positive driving, it follows that any 
two of the conditions may occur simultaneously, in a pair of 
contact pieces, but that all three conditions will never, except in 
the single instance noted later, be present at the same time. 

PROBLEMS 

1. Prove that two rotating cylinders in external contact will revolve in 
opposite directions. 

2. Two curved pieces with fibced centers 8 in. apart are in external contact. 
The radius of one is 5 in. and its velocity at a given instant is 2n radians per 
second. Find the velocity of the other piece. 

3. Prove that the velocity ratio in Prob. 2 is inversely proportional to the 
perpendiculars let fall from the fibced centers of motion upon the line of action. 

4. Prove that the velocity ratio in Prob. 2 is inversely proportional to the 
segments into which the line of centers is divided by the line of action. 

5. Prove that the angular velocity ratio of a pair of non-circular wheels 
is not constant. 

6. Prove that a locomotive wheel rolling on a level track is theoretically 
in pure rolling contact. 
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7. Show why a steam engine will not start when the crank is on its dead 
center. 

8. If two curved pieces are moving in external contact, prove that the 
action is pure rolling when the tangential components of their velocities are 
zero. 

9. Show why a driver cannot simultaneously transmit positive motion 
to a follower by pure rolling contact and with a constant velocity ratio. 

10. A pulley turning at the rate of 125 r.p.m. drives another at the rate of 
375 r.p.m. What is the velocity ratio? 

11. Assuming that the first pulley in example 11 is 36 in. in diameter, how 
large is the second? 

12. Represent graphically the speed and directions, at a given instant, of 
a point moving in the circumference of a 12-ft. circle at the rate of 100 r.p.m. 



CHAPTER IV 

LINK CONNECTORS 

47. A link is a rigid connector joining two other mechanical 
elements. It is known under a variety of names such as side rod, 
connecting rod and pitman. The connected pieces are called 
cranks when they make complete rotations and crank arms, 
beams, rocker arms and levers when they oscillate. 

A link is either simple or compound, depending upon the num- 
ber of points of its attachment. A simple or binary link has two 
points of attachment and may be represented by a straight line 
with a point of attachment at each end. A compound link hav- 
ing three points of attachment, represented by a triangle with 
the points at the comers, is a ternary link. A compound link 
in the form of a rectangle with the points of attachment at each 
comer is a quartemary link and so on. 




FiQ. 34. 

When a nimiber of links are joined together by their points of 
attachment in such manner that a definite motion of one of 
them causes a definite motion of the others the arrangement is a 
kinematic chain or a dosed kinematic chain. Thus Fig. 34 is a 
four-link, closed kinematic chain and constitutes the simplest-case 
of the complete linkwork chain. If the number of links be re- 
duced to three, they would form a triangle and no motion could 
be transmitted from one link to another, again if the number be 
increased to five the motion of one of them would be indefinite 

and uncontrolled by that of the others. 

40 
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If L equals the number of links and P equals the number of 
joints or points of attachment the relation between these links 
and joints in a closed chain will be, 

It follows from this that if a closed chain have more than four links 
one of them must be compound. 
Kinematic chains are used : 

I. To transform continuous rotation into rectilinear recipro- 
cating motion or the reverse. 

II. To transform continuous rotation into rotative recip- 
rocating motion or the reverse. 

III. To transform rotative reciprocating motion into recti- 
linear reciprocating motion or the reverse. 

IV. To transmit rotative reciprocating motion. 

V. To transmit continuous rotation. 

In classes II, IV and V the four-link chain is used and in I and 
III the slider crank mechanism is employed. 

48. Class L Rotation to Rectilinear Reciprocating Motion. — 
The slider crank mechanism, Fig. 35, illustrates the relative 




Fig. 35. 

motion of the crank, connecting rod and cross head of a steam 
engine, the circular motion of the pin P being changed to the 
rectilinear reciprocating motion of the block K. As P moves 
from A to -B in the direction indicated, K moves from D to C and 
as P moves from B io A^K returns from C to D, CD being equal 
to twice OP. The points A and B are called dead points because 
when P is at either of these points, the arm OP and the link PK 
lie in the same straight line and a force applied at K has no tend- 
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ency to move the arm OP. A may be termed thi& inward dead 
point because P, when in that position, lies between K and the 
center 0. B is the outward dead point. C and D are called 
stopping points because K comes to rest and changes direction 
there. 

Two problems present themselves in stud3dng a linkage of 
this form: 

(a) To find the position of K with respect to 0, for any given 
position of P. 

(b) To find the linear velocity ratio of K to P, when the arm is 
in a given position. 

49. Relative Position of Pin and Block.— In Fig. 35 the link 
PK=AD = BC. 

Draw PL perpendicular to the center line AB. Then by 
trigonometry, 

OL = OP cos d and PL-=OP sin d. 

By geometry, the distance, 

LK = VpK^-PL^=VpK^"{OP sin dy. 
But from the figure, 

OK-=LK+OL. 
Then by substituting values of OL and LK we have, 

OK^VPK'^'-ipP sin dy+OP cos 6, 

from which, with any position of P known, K can be located by 
measurement. 

When the value of ^ is between 90*" and 270**, 

OK^LK-OL, 

and cos is negative. 

If the link PK were infinitely long then the distance from D 
to X at any instant would equal the distance from A to L, but 
owing to the angularity of the link, when P is at JV the block K 
will have moved over more than half of the distance from D to C 
On the return stroke, when P reaches Af, K will not yet have 
reached its mid position. 

The eccentricity of K increases as the length of the arm ap- 
proaches that of the link. 
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60, Velociiy Ratio of Pin and Block.— If the link PK were 
infinitely long, the motion of K would be like that of L, and its 
maximum velocity would occur at the instant when P is at JV. 
Due to the angularity of the link this maximum velocity of K oc- 
curs when the link is tangent to the path of P. 

In Fig. 36, if x represents the velocity of P and y represents 
the velocity of if, then by Art. 37 (e) the components of these 
velocities in the line of the link are equal, that is CP=FK. Then 
by trigonometry 

X cos APC = y cos BKF. (l ) 

Draw ON perpendicular to OK, and OD perpendicular to PK 
produced. 

The angle POD = APC, 
and DON=BKF. 




Then 



and 
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cos APC = cos POD = 



OD 
OP 



cos BKF = cos DON = ^^ 



(2) 



(3) 



Substituting values from (2) and (3) in equation (1) we have, 

OD _ OD 
^OP''^ ON 



Then 



—=Qj^, a variable. 
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When ON = OP, the velocities of P and K are equal. This 
occurs four times in each revolution, twice when OP is perpen- 
dicular to OK and twice when P is in such position to right of 
ON that PON is an isosceles triangle. 

This ratio may also be found by locating the instant center 
Q, as in Fig. 15, and dividing the velocity of the driver thus 
found by that of the follower. 

61. Velocity Diagram. — The velocity and acceleration of the 
sliding block, either at a given instant or at a given point in its 
path may be conveniently represented by a diagram. 

In Fig. 37 divide ANB, the path of P, into any number of 
equal parts. With radius equal to the length of the link PK, 
and with centers at 1, 2, 3, 7, intersect A'B', the path 
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of K, in points 1', 2', 3', 7'. Erect perpendiculars at 

these points and draw lines through I'-l, 2'-2, 7'-7, 

and produce them when necessary to intersect the perpendicular 
ON. 

In the figure, the line 2~2' intersects ON at R, then by Art. 
50, OR represents the velocity of K when P is at 2. Lay out 
this velocity at 2'-iJ' and in the same way find the velocities of 
K for the other positions of P and lay them out at I'-Q', S'-V^ 

7'-Z'. A smooth curve through the points Q', R', Z', 

will be the required diagram. 

If the time required by P to travel from A to B be laid off to 
any scale and ordinates be erected at the division points as just 
described, the resulting figure will be a velocity time diagram. 

If at any point S, on the velocity curve, a tangent and a nor- 
mal be drawn to the curve, the intercept LT on the line of cen- 
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ters will represent the acceleration of K when at the point T. 
For, if « represents the space passed over in any time <, then v, 

the velocity , = ^, or da^vdt, also the acceleration, <^ = ~ir 

In the figure, tah^ =3-=~5:=-X37 = -. 
° ' as vat V at v 

The triangles SHI and STL being similar, angle ISH = angle 

LST^e. 

__ ^ TL a 

Then, tan u = y^^= - and since v= TS, a must equal TL. 

The acceleration of K at the other points of its path may be 
found in the same way and the curve RV found by laying oflf 
the acceleration on the corresponding ordinate. 

The tangent changes sign near the mid-position of K and the 
curve RV lies above the line of centers on one side of the mid- 
position and below the line of centers on the other, which shows 
that the acceleration of iC is first positive and then negative. 
This method of constructing the acceleration curve is not ac- 
curate, since it depends upon drawing a tangent to an irregular 
curve. The acceleration of K at any point in its path may also 
be calculated by the following formula 

A ^^^ I o^ cos.2^ 

where W is the weight of K and its connections, 

t; = its velocity, 
R = the radius OP, 
g =32.2 

d = the angle il OP. 

PK 
n =^p 

This acceleration may then be laid out as an ordinate in the 
diagram and furnish a check on the graphical method. 

62. Examples of Class I Motions. Eccentrics. — An impor- 
tant application of the linkft of Class I is made in driving the slide 
valves of steam engines. A circular disk, Fig. 38, with center at 
P, is fastened to a shaft having a center at 0. A band F sur- 
rounds the disk and is rigidly fixed to the link HK. As the disk 
turns about O it slides within the band and transmits the same 
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motion to £ as would be given by a small crank OP tm'ning about 
the center 0. This is virtually a crank having a pin of larger 
radius than the crank. The throw of an accentric is sometimes 
given as OP and sometimes as 2 OP. On steam engines K is often 
connected to one end of an oscillating lever, " in which case the 
mechanism is an example of Class II. 




Fig. 38. 

63. Crank and Link Equal. — If the length of a link and crank 
are made the same, as in Fig. 39, then Xwill be drawn up to 
when P reaches N and the acceleration of K due to the angularity 
of the link will be greatly increased. 




Let KP be extended, making PM equal to KP. At the begin- 
ning of the motion, KM will coincide with the horizontal center 
line and as P moves through the first quadrant K will slide to 
and M will be pushed upward to C While P moves through the 
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Becond quadrant K will slide to D and M will return to 0. As P 
moves through the third quadrant, K returns to and M slides 
down to E, and as P returns to the origin, MK comes back to its 
origin on the line of centers. 

64. Path of Block not on Center Line. — If the direction of the 
sliding block K does not lie through the axis about which P 
rotates, then both the displacement and the acceleration of K 
will be changed. In Fig. 40 suppose that P rotates about 
and K slides in a straight line XX. From the center 0, with 




radius OP+PK cut XX at D, and from the same center with 
radius PK — OP cut XX at C. Then the displacement of X is 
from D to C, a distance which is less than twice OP. Draw the 
straight lines DO and CN; then the outward dead point is at N 
and the inward dead point is at S. 

Any position of K corresponding to a given position of OP can 
be determined thus: 
Drop the perpendicular OM and let the angle POM^d, 

Then MK :==MV+VK and MV = OP sin d, 

Also VK ==\/pK^-PV^=VpK^-{0M±0P cos ^)^ 
the positive sign being used when P is above the center 0. 

From this, MK = OP sin 0+VPK^- {OM ±0P cos <?)^ 

and MD-=V{PK+OPy-OM^, where PX + OP =0Z). 

From these values DK and CK can be determined. 

It may be seen from the figures that K moves from D to C 
while P moves from S to N, and returns from C to D while P 
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moves over the arc NLS. Supposinji; P to move uniformly, the 
practical result is that K moves from D to C, in Jess time than it 
takes to return, the times being proportional to the arcs SN and 
NLS. 

The velocity and acceleration of K at any point in its path 
may be found by the method of Art, 51.. 

S6. Wbitworth's Quick Return Motion. — Cutting tools that 
must be driven slowly while removing metal may be made to 




save time by moving rapidly on the return stroke, by making use 
of the principle just explained. 

In Fig. 41, is the center of a spur gear carrying the fixed pin 



P. Q is the fixed center of a rotating arm which is driven by 
P, working in a slot. The other end of the arm has an adjustable 
pin R to which is fastened the link. As the gear revolves, driven 



LINK CONNECTORS 



49 



by the pinion E, the driving arm QP varies in length and the an- 
gular velocity of R varies inversely as QP. 

Supposing P to rotate imif ormly in the direction indicated, then 
K will move fromL to M while P moves over the arc ABC, and 
return from M to L while P moves over the arc CDA. The 
time of the forward and return strokes will be proportional to 
these arcs. 

A modified form of the Whitworth motion in which the center 
Q lies outside of the crank pin circle is shown in Fig. 42. P 
rotates about the fixed center and drives the slotted arm QR, 
the cutting tool being connected to R, If P moves uniformly 
in the direction indicated, R will move from A to B while P 
moves over the arc CDE, and return from Bio A while P moves 
over EFCf the time of the movements being proportional to these 
arcs. 

56- Pin and Slotted Bar. — In Fig. 43 the crank OP rotates 
uniformly in the direction shown by the arrow and the slotted bar 
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follower slides from AtoC while P moves over the arc ADC, the 
motion being harmonic. 

Let PV be the velocity of the crank at any instant, then PF, 
found by dropping the perpendicular VF, is the velocity of the 
bar at that instant. 

py -- Bin PVF = Bin PO A. 

Therefore PF=PV sin POA. 
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The total displacement of the bar is equal to twice the length 
of the crank, and the length of the slot must equal twice the length 
of the crank plus the diameter of the pin. 

This arrangement is sometimes used for driving pumps and 
also for light work as in sewing machine drives. In the latter 
case the slot is generally curved and the arrangement is known as 



an "inverse cam." 



67. Class n. To Transform Continuous Rotation into Rota- 
tive Reciprocating Motion. — In Fig. 44, let OP be a driving arm 




Fig. 44. 



and let it make continuous rotations about while the following 
arm QK oscillates over an arc either above or below Q. In 
designing a motion of this class three limitations must be con- 
sidered: 

(1) The stopping points of the arms. 

(2) The dead points of the arms. 

(3) The relative length of the arms, link and center distance. 

68. Stopping Points and Dead Points. — On as a center, with 
radius equal to OP+PK, intersect the path of K at A and A\ 
Again from the same center, but with radius equal to OP^PK, 
intersect the path oi K si B and B\ AB is one of the arcs over 
which K oscillates and A and B are the stopping points. 

If the link and arm be disconnected at K and reconnected be- 
low the center line, then K will oscillate between the stopping 
points A' and B\ 

Connect and -4 by a straight line. This line will intersect 
the path of P at L, and L will be the inner dead point of P. Again 
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connect B and by a straight line and produce it to intersect 
the path of P at M. Then M will be the outer dead point of P. 
In the same way the dead points J and / can be found when the 
oscillations of K are between A' and B\ 

69. Relative Length of Anns, Link and Center Distance. — 
To transmit the required motion, the follower must have no dead 
points and the driver no stopping points, also the links of the 
chain, Fig. 44, must have the following relations: 

(a) QK must be greater than OP. 

(b) OQ+QK must be greater than OP+PK. 

(c) OQ-QK must be less than PK-OP. 

Case (a). — If OP is made equal to QK then both arms will 
rotate about their respective centers, or if the centers be moved 




Fig. 45. 

far enough apart the arms will simply oscillate. On the other 
hand if QK is less than OP the mechanism will be reversed and 
OP will oscillate between stopping points while QK will rotate. 

Case (b).— If OQ+QK is equal to OP+PK the centers will 
be moved so near together that both arms will have simultaneous 
dead points as shown at P' and K\ Fig. 45. Again if OQ+QK 
is made less than OP+PK, the centers will be moved still nearer 
together and QK will have dead points at K2 and Kz from which 
it is possible for this arm to move in either direction, hence the 
motion of QK will be uncontrolled by that of OP. 

Case (c). — If OQ—QK and PK—OP are made equal, then 
there will be simultaneous dead points for the arms at P' and K\ 
Fig. 46, and the motion of QK will be uncontrolled by that of 
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OP, Again if OQ — QK is made greater than PK — OP the centers 
will be pushed so far apart that QK will reach the line of centers 
at K' ahead of OP, giving stopping points for the driver at Pi and 
Ps. Hence OP cannot make complete rotations. 




Fig. 46. 

60. To Construct a Four-Link Chain of Class n. — If the cen- 
ter distance, the length of the follower arm and the extent of 
its oscillations are given, the mechanism can be constructed as 
follows (Fig. 47) : Draw the path of K and lay oflf the arcs 




Fig. 47. 



AB and A^B% which limit its oscillations. From as a center 
draw the arcs AA' and BB', cutting the center line at C and D. 
Bisect CD at V. Then VC or VD equals the length of the fol- 
lower arm. For: 

CO, or its equal BO, is equal to (PK-OP) 
and 
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DO, or its equal AO, is equal to (PK+OP) 

therefore, A0-B0=={PK+0P)-(PK-0P) = 20P 

Then CD, which equals AO-BO, is equal to 20P. 

M and L are the dead points of the driver corresponding to the 

stopping points A and B. 

61. Class m. Rectilinear to Rotative Reciprocating Motion. 
— ^As the block in Fig. 48 moves back and forth in the line 
CD, the arm OP oscillates between P' and P2, the relative posi- 
tions and velocities being determined as in the case of the Class 
I motions. 

Either end of the link may be attached to the driving element. 

Since moves in a straight line, it is desirable to have P 
deviate by as little as possible from that line. This will be 
accomplished when P is located as follows : Let x be the per- 




^ 



D 



Fig. 48. 



pendicular distance from Q to the line CD and let a equal one- 
half of the angular oscillation of QP, then if QP be taken equal 
to X plus one-half the versed sine of a, P will deviate from the 
line CD by an equal amount on either side of that line and 
consequently its total deviation from CD will be a minimum. 

The valve rod of a steam engine with its driving arm is fre- 
quently made in the form of a linkage of this class, P being the 
driving end which is connected to the eccentric rod at K, Fig. 38. 

62. The Beam. — Fig. 49 shows a mechanism that is used on 
beam engines to transmit the reciprocating motion of the 
piston to rotary motion at the crank pin. It is sometimes called 
a walking beam or working beam. The beam oscillates about 
the center and one end receives motion from the piston through 
the link BB' and the other end transmits this motion to the 
crank pin through the connecting rod C. BB^ is a class III link, 
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in which the amount of oscillation is determined by the length 
of stroke of the piston. The half length of the beam should be 
made equal to x plus one-half the versed sine of half the angle 
of oscillation a. 




Fig. 49. 



Class IV. To Transmit Rotative Reciprocating Motion. 
63. The Bell Crank. — This form of linkage is used for chang- 
ing the direction of motion. 

In Fig. 50 let QP be the direction of a reciprocating motion 
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which is to be changed to that of QK and let the linear motion 
of P be equal to. one-half that of K. 
Lay off from Q on QP, a distance QA, equal to any two units 



LINK CONNECTORS 



65 



of length, also lay off on QK the distance QB, equal to one-half 
of QA. Complete the parallelogram QALB and draw a line 
through Q and L. Locate a point anywhere on this line and 
draw OP and OK perpendicular respectively to QP and QK, 
Then O may be made the center of the bell crank, the arms of 
which should lie in the direction of the perpendiculars OP and 
OK. The length of arm should be equal to the perpendicular 
plus one-half of the versed sine of the half angle of oscillation. 

Since the oscillation is generally small the perpendiculars 
from to the lines of action are sensibly constant hence the 
angular velocity is approximately constant. The linear velocity 




of and P will be inversely proportional to the length of the arms. 

The center of a bell crank connecting the motions along QP 
and QK, may be placed in any one of the four angles made by 
these lines at Q. With the center at 0, the relative direction 
is that shown by the arrows but if the center be taken at 0', the 
direction of the motion at K will be reversed. 

64. To Produce a Rapidly Varying Velocity from Uniform 
Motion. — In Fig. 61 let OP be an arm oscillating with a uni- 
form velocity about 0, and connected by a link Pi2 to an arm that 
oscillates about center Q. Let the link and arms have such a 
relative position that when P is at a dead point QR will be per- 
pendicular to PR. Starting from the dead point; the arm OP 
at first produces a small relative motion of QR, but as OP moves 
through equal angles QR will move through angles rapidly in- 
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creasing in size. That is, QR is rapidly accelerated. When OP 
is reversed in direction QR is retarded. This is the principle 
of the toggle joint, a mechanism that is frequently used on 
brakes. 

66. To Multiply Oscillations by Link Work.— In Fig. 52 the 
arm OP rotates about and is connected by the link PR to the 
arm QR which oscillates about Q. For one revolution of OP, 
QR will move to QR' and back again to QR. Connect fi by a 
link RL to an arm ML oscillating about M. While OP turns 




Fig. 52. 



from P to P', QR will move from R to R', and ML will move 
from L to U and back again to L. Therefore for every com- 
plete revolution of OP^ ML will perform two complete cycles of 
motion. If ML is connected to another oscillating arm NS, 
the latter will complete two cycles for one of ML and four 
cycles for one revolution of OP. 

66. Class V. Links for Transmitting Continuous Rotation. — 
In Fig. 53 (a) let OP equal QK and let the link PK equal the 
center distance OQ. Either arm can make continuous rotations 
and can be used to drive the other but the arms will have simul- 
taneous dead points when lying in the direction of the line of 
centers. Hence the follower arm is uncontrolled by the driver 
when in this position. To insure continuous rotations of the 
follower it is necessary to provide some method of getting the 
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link past the dead point. In the case of the locomotive side rod, 
the cranks on opposite sides of the engine are 90 degrees apart 
so that when the rod on one side is on the dead points the other 
is in the position of maximum torque. 




Fig. 63. 

Another method of getting past the dead points is shown by 
Fig. 53 (6). Two systems of arms and links are used, the arms 
being set at 90 degrees apart. 




Fig. 54. 



Three systems may also be used as at (c), where the arms are 
placed 120 degrees apart. 

Fig. 54 shows a method of getting the link past the dead 
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points, in which a third rotating arm is connected to the link. 
This auxiliary arm must be the same length as the other two 
and be parallel to them in all positions. The driving arm is 
placed between the follower and the auxiliary and its center 
of rotation may be on the same line of centers as the other two 
as shown at (a) or it may be placed to one side as at (6). In 
the latter case the piece PM, is rigidly connected to the link. 

The velocity ratio of arms of this class will be equal and 
constant. 

67. Drag Link. (Fig. 65). — This arrangement may be used 
to connect two parallel shafts which are not in the same straight 




Fig. 55. 



line where a constant velocity ratio is not a prime requisite. In 
order to give continuous rotations there must be no dead points 
and consequently no stopping points for either arm. To meet 
this condition the link, arms and center distance must have the 
following relations: 



PK>[{QK+OQ)-OP.] 
PK<[QK+(OP-OQ).] 
OQl<OP or QK. 



(1) 
(2) 

(3) 



From the figure, the value of the parenthesis in (1) is equal to 
MN and that in (2) is equal to ML, Therefore the link must be 
greater than MN and less than ML if the mechanism is to work 
properly. 
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Suppose it is required to design a drag link to connect two 
shafts a given distance apart. 

Locate and Q from the given center distance, assume any 
convenient length for the arms and draw circles to represent 
the paths of P and K. Then the link PK may be taken any 
length between the limits given. 

To test the mechanism for dead points and stopping points, 
proceed as follows: 

With as a center and radius OP+PK intersect the line of 
centers on the right. If the intersection falls at N then the link 
and arms will all lie in the same line when K reaches N, there 
will be a dead point for this position and the linkage will fail to 
work. Again if the intersection falls between N and the cen- 
ter 0, there will be stopping points for K and the linkage will 
fail. If, however, the intersection falls beyond N on the right, 
the linkage will work. 

Now with as a center and radius QK—OQ, intersect the line 
of centers on the left. The linkage will work only when the 
intersection falls outside of L. 

The drag link may be constructed so that the centers and Q 
coincide and both arms the same length. 

The velocity ratio of P and K is inversely proportional to the 
perpendiculars from the centers and Q upon the line of the 
link. This ratio is constantly varying. 

The upper part of the figure shows the manner of connecting 
the arms and link so that they will pass each other. P'K' is 
the link and O'P' and Q'if' are the arms. 

68. Boehm's Coupling. — Another Class V motion is shown at 
Fig. 56. Two disks, A and B, are placed in parallel planes on the 
parallel shafts which are to be connected. Two or more links 
as L, M and N are connected to similar points on the two disks 
which must be placed far enough apart so that the angle made 
by the links with the plane of the disks is large enough to allow 
the links to pass each other in rotating. The velocity ratio of 
the disks will be constant. 

69. Hooka's Coupling or Universal Joint. — This is a link 
coupling that is used to connect non-parallel axes. The mechan- 
ism, as shown in Fig. 57, consists of a pair of semicircular forks 
placed on the ends of the axes and rotating in planes perpendicu- 
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Fig. 56. 




Fig. 67. 
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lar to the axes. The forks are connected by a rigid cross, 
having arms of equal length, the ends turning in the ends of 
the forks. 

As the ends of the forks rotate, each in its respective plane, 
the two arms of the cross which are connected to the driving 
fork, rotate in a single plane with reference to the driving axis, 
but the two ends of the cross which are connected to the follower 
fork rotate so as to have resultants, simultaneously in two planes 
with reference to the driving axis, one being the plane of rotation 
of the follower fork and the other the plane of the driver axis. 

Suppose the angle between the axes to be ^ and their angular 

velocity ratio to be j^ii3-^=fi = -7 

At (n) the fork A is taken parallel to the plane of the paper and 
B is at right angles to it. At this instant each of the four ends 
of the cross lie in the plane of rotation of fork A . The ends which 
are connected to A move in the plane of OX with velocity 
OEy while the ends that are connected to B move in the plane of 
OY. Then OF^ which represents the velocity of -B, equals 
OE -5- cos 5. 

, , . . Driver a OE ^ ,^. 

Hence the angular velocity ratio -pr^j — er~ ~^~ Of' ~ ^^^ ^^ 

At (m) the axes have turned through an angle of 90 degrees so 
that fork B is parallel to the plane of the paper and A is 
perpendicular to it. At this instant the ends of the cross con- 
nected to A are moving in the plane of OX with velocity OE, 
at the same instant the ends which are connected to B have two 
components, one in the plane of OF and the other in the plane 
of B. The value of either one of these components is the 
resultant obtained by combining OE with the other component. 
Then OF, which represents the angular velocity of B, equals 
O^Xcos 0. ' 

1 , .. .. Driver a OE 1 ,^. 
Hence the angular velocity ratio p^n^- =a'^OF^^s~0 ^^^ 

cc 
Expression (1) shows that ~7 is a minimum when the forks are 

in the position (n) and (2) shows that -7 is a maximum when 

they are in the position (m). Therefore if the angular velocity 
of A is uniform, B will have a maximum angular velocity in the 
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position (n) equal to the velocity of A divided by the cos of 0, 
In the position (m) it will have a minimum velocity, equal to 
that of A multiplied by the cos of 0, 

The velocity of the follower therefore varies from a maximum 
to a minimum or the reverse every 90 degrees, has two maximum 
and two minimum values in each revolution and between the 
maximum and minimum points there are four points where the 
velocity ratio is unity. 

70. The Double Hooka's Joint. — Where constant velocity 
ratio is not of first importance, the coupling shown in Fig. 58, 
consisting of two imiversal joints and an intermediate link, may 
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be used. This is a convenient device for driving the feed mo- 
tions of drills and milling machines. It is also used on automo- 
bile transmissions. 

If the forks on lOpposite ends of the link B are placed in the 
same plane, the motion received from A will be transmitted 
again to C and if the angle 6 is the same at both ends of 
the link the velocity ratio between A and C will be constant. 
If the forks are placed with their planes at right angles, the 
variation in velocity received at A will be doubled at C. Hence 
to give the minimum variation of velocity ratio, with this joint, 
the forks on the connecting link should lie in the same plane. 

71. Pin and Slotted Crank. — Fig. 59 shows a device for trans- 
mitting continuous rotation in which the driving arm has con- 
stant velocity, while that of the follower is variable. 

OP is a driving arm, which rotates about the center 0. QR 
is the follower arm and it rotates about Q as a center. At P, 
in the arm OPj is fixed a pin which is made to slide freely in the 
slot in the arm QR. 
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If the center diBtance OQ is less than the arm OP, then OP, 
rotating with uniform velocity, in the direction indicated, will 
drive QR, with variable velocity, in the same direction. 

Let PV, perpendicular to OP, represent the linear velocity of 
P at a particular instant. Draw a line through P, perpendicu- 
lar to QR, and draw from this line a perpendicular through V, 
completing the right triangle PVN. Then PN will represent 
the linear velocity of the point on QR which is in contact with P 
at the mstant taken. 
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Let a and tx' be the angular velocity of the driving and fol- 
lowing arms at the instant taken. Then 

PV ^ , PN 
a = ^anda=-^p. 

NowPJV=P7 cos VPN = PV cos OPQ, 
therefore, 

, PV COS OPQ 
"- QP 

and 

« QP 

a' OP COS OPQ' 

The limiting values of the velocity ratio will occur when OPQ 
is zero, that is when the arms lie in the line of centers. When 
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a 

P is at A, the value of -7 will be a maximum and when P is at 

a 

By its value will be a minimum. 

If OQ be made greater than OP so that Q lies outside of the 

path of P, then OR, instead of making complete rotations, will 

oscillate across the line of centers through an angle whose sine 

is 2^^'- 

When Q lies inside the path of P, the length of the slot will 
be {AB—BQ) plus the diameter of the pin. When Q lies outside 
the path of P, the length of the slot will be equal to the diameter 
of the pin plus 2 OP. 

72. Aggregate Motions by Link Work. — When a follower link 
is influenced by more than one driver at the same time its result- 
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Fig. 60. 

ant motion is known as a differential or an aggregate motion. The 
number of drivers is generally two and never more than three, 
because each driver determines the direction of at least one 
point of a follower and the direction of three points in any 
body completely determines its motion. The principle of 
aggregate motions may be illustrated by Fig. 60. Let the 
line AB he given simultaneous motions of rotation and trans- 
lation such that A is moved to A' with velocity a and B 
moved to B' with velocity /?. Then any intermediate point, as 
C, will be moved to C. 

Influenced by the motion of A alone with B fixed, the velocity 

of C will be a -^. 
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If A is fixed and the motion of B only is considered, the velocity 
of C will be ^[j^]. 

In either figure the velocity of C is equal to the algebraic sum 
of these two component velocities, or, 



C = 



AB 



The value of C may be found graphically by erecting perpendicu- 
lars at -4, -B and C and connecting A' and B' by a straight line. 
The intercept CC will be the velocity sought. 

73. Reversing Link. — The valve gears of reversing engines 
are sometimes operated by a link which is driven by two eccen- 
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tries. The valve rod is connected by a sliding block to an inter- 
mediate point on the link so that it is influenced by either eccen- 
tric separately. In Fig. 61, is the center of a shaft carrying 
the eccentrics B and C. When the shaft rotates, the ends of the 
link will be moved a distance equal to twice the throw of the 
eccentrics. The movement of the block F will depend upon its 
distance from D and E and can be determined by the principle 
of the previous paragraph. When F is pushed up near D the 
engine will run in one direction and if moved over to jB, the valve 
will be influenced by the other eccentric and the engine will run 
in the opposite direction. When F is in the middle position the 
movement of the valve is too small to uncover the steam ports. 
The speed of the engine is controlled by adjusting F. This is 
done in the case of the locomotive, from the cab of the engine. 
74. The Parallelogram. — The term aggregate motion may 
apply either to the velocity or the path of a body. 
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One of the simplest devises for producing an aggregate path is 
the parallelogram, Fig. 62. This is a combination of rigid links 
fastened together by flexible joints so as to form a rectangle 
OACD. The mechanism oscillates about the fixed point 0, and 
any point P, on AD extended is made to trace the path PP', 

A p P 

o > .i£:::a^_ — d. 1 / 

Fig. 62. 

then Q, on the link CD will trace a similar path but reduced in 
length. In the triangles POA and PQD, DQ\OA\\PD\PA, 
from which DQ-7-PD = 0A -r-PA, a constant. 

Also OP:OQ= AP :AD, a constant. 

Then the position of Q, on the link CD, is fixed and its distance 

f 
, O 

/ 
/ 
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Fig. 63. 



from is always relatively the same as that of P from the same 
point, hence the paths of P and Q will be similar. 

The arrangement shown in the figure is one form of the pan- 
tograph, a device that is often used for reducing or enlarging 
drawings. The links N and L are added to give stability to the 
tracing point but have no effect on its motion. 
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The tracing point may be placed either at P or Q according as 
the drawing is to be reduced or enlarged. 

Fig. 63 shows another form of the parallelogram in which the 
fixed center is located at 0', on the link AO extended. Q is 
at D and the relative motions of P and Q will be the same as in 
Fig. 62. 

76. Watt's Approximate Straight-line Motion. — An important 
practical application of the aggregate path is the so-called 
"straight-line" motion. Fig. 64 illustrates what is generally 
called the Watt motion. The object of the device is to provide 
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a point of attachment for a follower so that it can be given a 
rectilinear motion without the use of planed guides. 

OA and QB are two arms turning on the fixed centers and Q 
and connected by the rigid link AB. In the position shown by the 
full lines OA and QB are parallel and AB is perpendicular to 
both. Now if the arms are moved to a new position such that 

AOA^ does not exceed about 20 degrees, and if P is so taken that 

PA B O 

p-^=^y-T-then P will move approximately in a straight line. 

Fig. 66 shows the Watt motion combined with the parallelo- 
gram applied to the beam, piston rod and pump rod of an engine. 
The links OA, QB and AB make the Watt mechanism and OR, 
RD, DF and FA are the links of the parallelogram. P is given 
an approximately straight line motion as in Fig. 64 and D, a 
point on the parallelogram will have a similar motion but of 
greater amplitude. 
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With as the center of oscillation of the beam, D is generally 
connected to the piston rod and P to a pump rod. BQ is some- 
times called a bridle rod. 

This mechanism has been much used in the past on long-stroke 
marine and pumping engines. 

5 
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76. The Lazy Tongs. — Fig. 66 is a form of the pantograph 
sometimes used to reduce the motion from the cross head to the 
indicator on a steam engine. 

is the fixed center of rotation, P is attached to the cross 
head and moves in the line MN. Any point Q, on the line 
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OP, moves parallel to MN. Its motion has the same ratio to 
that of P as the distance OQ is to the distance OP. 

77. The Indicator Pencil Motion. — Fig. 67 shows an approxi- 
mate straight line motion as used on a steam-engine indicator, 
an apparatus for measuring the steam pressure in the cylinder. 

The small cylinder A is attached at £ to a connection leading to 
the cylinder of the engine. The drum, C, is connected, by the 
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chord F, to the cross head and is revolved by it. A piston, in- 
side of A is exposed to the steam pressure on its lower side and 
to the action of a spiral spring on its upper. side. The alter- 
nate action of the steam and spring gives this piston a recipro- 
cating motion, which combined with the rotation of C, draws a 
diagram on a card which is wrapped around the surface of C. 
The liT^Tfs Oil, APj DQ and OQ form a parallelogram in which 
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Q is the guided point and P is the tracing point. Q and P lie 
in the same straight line corresponding to OQP in Fig. 62. 

To give Q a straight line motion the short link NK is added 
which with DK and AD forms a straight line motion similar to 
the straight-line motion of Fig. 64 except that the guided point 
is below the points of attachment to the beam and bridle rod 
instead of between them. 

78. Scott Russell Motions. — These motions are shown in 
Figs. 68 and 69. C is a block moving between planed guides and 
is the center of oscillation of an arm 0/2, which is equal in length 
to one-half of CP. P is the guided point moving in the straight 
line OP which is perpendicular to OC, This motion is the same 
as that of Fig. 39 except that OR oscillates instead of making 
complete rotations. 
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The objection to this as a straight-line motion is that the 
motion of C is determined by planed guides, something which a 
ctraight-line motion is supposed to avoid. 

The guide may be substituted by a link QC as in Fig. 69, called 
the "grasshopper motion." In this case P will have an approxi- 
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mate straight-line motion which may be made to any desired 
degree of accuracy by increasing the length of QC, 

79. The Roberts and Russian Motions. — The Roberts approxi- 
mate straight-line motion is shown in Fig. 70. OM and QN are 
equal links which oscillate about the centers and Q. PNM is 




Fig. 69. 



a ternary link having its sides PM and PN equal to OM and 
side MN equal to one-half OQ. P is the tracing point and follows 
approximately the straight line OQ as the links oscillate. 

The mechanism Fig. 71, known as Tchebichefif's approximate 
straight-line motion, has the equal arms ON and QM oscillating 
about centers and Q. The tracing point P is located at the 
middle of MN and moves in a line which is approximately parallel 
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to OQwhen the links have the following proportions: OM and 
ON^b MN=2. 0Q=4:. 

Both of these motions are very nearly exact. 

80. Peaucellier's Exact Straight-line Motion.— Fig. 72, OB 
and OC are equal links oscillating about the center 0. At their 
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extremities are connected four shorter links having flexible 
joints at B, E, C and P. DE is a link which oscillates about the 
fixed point D, this point being so located that the distance DO 
equals the length of the link DE. P is the guided point which 
is to move in a straight line. From the symmetrical construc- 
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tion of the figure 0, E and P always lie in a straight line. Then 
if the linkage be moved from the central position shown by the 
dotted lines to some other position, the rhombus BECP will be 
elongated in the direction EP, by the link DE. The effect 
is to push the point P away from by the same amount that the 
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increased angularity of the links OB and OC tend to pull it 
toward 0. 

PROBLEMS 

1. A crank 1 ft. long has a link 3 ft. long. Find the distance of the end of 
the link from the beginning of stroke when the crank is at 90 degrees from 
the line of centers. Direction of motion is through center of crank. 

2. Find the relative velocity of crank and link in (1) when crank is at 60 
degrees from its initial position, (a) By method of components, (b) By 
methods of instant centers. 

3. Draw a velocity diagram for the crank and link of Prob. (1). 

4. What is the difference between a cam and an eccentric? Between an 
eccentric and a crank? 

5. An engine crank is 9 in. long and the connecting rod 3 ft. Find the 
position of the crank when the cross head is in the middle of the stroke. 

6. Show how to lay out a quick return motion so that the return stroke 
will be made in one-third the time of the forward stroke. 

7. One arm 3 in. long and another 7, are connected by a link 10 in. long. 
Find dead points and stopping points for the arms if the centers are 11 in. 
apart. 

8. A link 4 in. long connects arms that are 2 in. and 1 in. long. Find dead 
points and stopping points for each arm if the center distance is 3 in. 

9. Show whether the construction is possible if the center distance in 
Prob. 8 is reduced to i in. 

10. Lay out a 90-degree bell crank to transmit a velocity ratio of f between 
two parallel straight lines. 

11. In a double universal joint prove that the variation in velocity ratio 
will be doubled if the forks on the driver and follower are at right angles to 
each other* 

12. Find the length of slot in a bar when the center about which the bar 
rotates is outside the crank-pin circle. Length of crank 4 in., diameter 
crank pin i in. Distance between centers 5 in. 

13. In Fig. 61 if the throw of the eccentrics is 4 in. and the distance 
between E and D is 10 in., find the stroke of the block F when it is 7 in. 
from E, 

14. Prove that the point P in Fig. 64 will move in a straight line. 

15. Prove that the pantograph will duplicate the outline of an ellipse. 

16. Find graphically all the instant centers and points of common velocity 
in a four-link chain and the velocity of a point in the middle of the movable 
link. 

17. In Fig. 41, the stroke of X is 4 in., length RK 10 in., ratio of cutting 
to return stroke 4 to 1, and the distance from to Q 2 in. Lay out the 
mechanism with the ram K in the middle of its cutting stroke and find its 
velocity at that position supposing P to make 20 revolutions per minute. 
Find the velocity of K at the middle of the return stroke. Find the time of 
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the forward and return strokes in minutes. Find the position of K for 
maximum velocity. 

18. The driving fork of a double Hooke's joint makes 100 r.p.m. Find 
the velocity of the intermediate link at the 30-degrees, 45-degree and 60- 
degree positions. 

19. In Fig. 61, suppose the distance from the center O to the center of 
the eccentrics to be 4 in. Find the position of F to give the valve rod a move- 
ment of 1} in. 

20. Find all the axes and points of common velocity in the Scott-Russell 
motion. In the Roberts straight-line motion. 



CHAPTER V 

INTERMITTENT MOTION BY LINEWORE 

81. Ratchets. — Ratchets may be classified according to their 
usage as: 

(a) Running ratchets. 

(b) Stationary ratchets. 

Reuleaux divides ratchets into six classes as follows: 

(1) Simple running ratchets. 

(2) Continuous running ratchets. 

(3) Releasing ratchets. 

(4) Escapements. 

(5) Checking ratchets. 

(6) Locking ratchets. 

The first four of these belong to class (a) and the last two to 
class (b). 

Every complete ratchet motion involves three elements, the 
runner, the click and the pawl or detent. Of these the runner 
generally receives intermittent motion from the click and the 
pawl serves to prevent a backward motion of the runner. 

Running ratchets are often used for feed motions on auto- 
matic machinery and stationary ratchets serve as automatic 
locks to prevent motion of some part of a machine. 

82. The Sunple Running Ratchet. — The running ratchet is 
shown in its simplest form in Fig. 73. Turning about is a 
ratchet wheel commonly of the shape shown. A lever arm A, 
carrying a click £, oscillates about Q and gives an intermittent 
motion to the wheel. A pawl D is so placed that it catches the 
wheel teeth and prevents backward motion. 

In action, A is pulled backward to the right imtil the click 

drops to the bottom of the straight side of the tooth. It is then 

pushed forward, carrying the wheel tooth with it, through an 

angle equal to the arc subtended by one or more teeth. When 

the arm reaches the end of its forward motion and begins to re- 

74 
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turn, the pawl drops into place against the straight side of a 
tooth and prevents the wheel from running backward. 

83. Thrust Between Ratchet Tooth and Pawl. — In a properly 
designed ratchet: 




Fig. 73. 

(a) The teeth must be of such shape that the click will give 
to the wheel only forward motion and the pawl prevent only 
backward motion. 

(b) The line of thrust between the pawl and a tooth should pass 
through the center of rotation of the pawl, and the line of thrust 
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between the click and a tooth should pass through the center 
about which the click rotates. 

In Fig. 74, TT' is the line of a straight tooth flank or the 
tangent to the tooth flank if the latter is curved. NN' is called 
the thrust normal and is perpendicular to TT. 
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The best position for this normal is shown at (a) where it 
passes through the center 0. 

At (6) the normal is shown passing above and to the right of 
0. In this position the ratchet tooth tends to throw the pawl 
out of contact with it. 

At (c) the normal falls to the left and below 0. Here the tooth 
and pawl have a tendency to jam together. 

84. The Silent Ratchet. — The motion transmitted by the rat- 
chet of Fig. 75 is the same as that of Art. 82, without the noise 
and wear. 
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The click B is carried by one arm OA of a bell crank lever 
which has the same center as the ratchet wheel. The other 
arm of the lever has two pins C and C. Between these pins is 
the driving arm D, also centered at and connected with the 
click by the link E, A downward motion of the arm D drives 
the wheel in a direction shown by the arrow. When the motion 
of D is reversed it first moves back against C before it can move 
the bell crank lever: During this motion the link E lifts the 
click clear of the teeth. The lever then presses against the pin 
C and moves the bell crank backward. Then as the driving 
arm moves down again the click drops in between the next 
pair of teeth and the wheel is again pushed forward. 

A pawl may be similarly designed to hold the wheel from 
turning backward when the click is raised. 

86. Reversible Ratchet. — In the feed motions of shapers and 
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planers, a ratchet similar to that shown by Fig. 76 is sometimes 
used. The object is to produce a feed motion that can be easily 
reversed in direction. The engaging side of the click and both 
sides of the teeth are generally made straight as shown. The 
reverse side of the click is made of such shape that it can be pulled 
back over the tops of the teeth without catching on them. The 
click is centered at B on the arm il, which oscillates about the 
center 0. If the ratchet is driving in the direction shown and 
it is desired to reverse the mechanism, the click is thrown into 
the reverse position, shown by the dotted lines. 
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With this ratchet it is necessary to have the click travel, on 
the return stroke, over an arc somewhat greater than that through 
which it pushed the wheel. This excess should be only just 
enough to clear the desired nimiber of teeth on the back stroke 
with the smallest possible amount of lost motion. 

86. Double Acting Ratchet. — The forward motion of the wheel 
may be made practically continuous and the retaining pawls 
dispensed with by using the double click shown in Fig. 77. 

The clicks are mounted on opposite ends of a bell crank which 
is centered at Q. K the bell crank be rotated in the direction 
of the arrow, click D will engage a tooth and push the wheel 
forward while at the same time click N will be drawn backward 
ready to engage a following tooth. 

The arms QH and QK are equal in length and Q is so located 
that when the bell crank is in its middle position the center 
lines of the arms are perpendicular to the line of thrust of the 
respective clicks. 
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87. Multiple Ratchet. — In the ratchets thus far described, a 
single forward motion of the click will advance the wheel through 
an angle equal to the arc subtended by one or more teeth. In 
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Fig. 78 is shown a ratchet designed to advance the wheel through 
any fraction of the pitch angle. In this case the angle is equal 
to one-third of the pitch angle. 




Fig. 78. 



The lever A oscillates about the same center O as that of 
the wheel. The rocker B carries the clicks, which oscillate freely 
about their centers L, M and N. 
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In action the arm A is pulled back until click L drops into 
contact against the side of a tooth. A is then pushed forward 
carrying all three of the clicks with it and advancing the wheel 
by an angle equal to one-third of that subtended by a tooth. 
On the second back stroke click M drops into contact with a 
tooth and the forward motion is repeated. On the third stroke, 
click N advances the wheel, the other two remaining inactive. 
By increasing the number of clicks, the individual movements 
of the wheel can be made equal to any convenient fraction of 
the pitch angle. 

If N is the number of clicks, they must be so placed that the 

N+1 
distance between consecutive contact ends is equal to — rv— 

multiplied by the pitch of the wheel. 

88. Friction Ratchet. — Intermittent motion may be trans- 
mitted by the ratchet shown in Fig. 79 which makes use 
of neither the pawl nor the click, the wheel being carried 
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forward by the friction between the catch and the rim of the 
ratchet wheel. This form of ratchet has been considerably 
used in sawmill feed motions and for operating ship windlasses. 
In the latter case the backward motion of the wheel is prevented 
by a second catch which works alternately with the first one. 
Let RR' be the rim of a wheel and let D represent a saddle which 
rides on its rim. The lever A is centered at C on the saddle and 
has its other end connected to a link B. From C is suspended a 
link and block E. This block just clears the inner surface of 
the rim when the lever A is in the vertical position. 
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If the link B is pulled in the direction of the arrow, the lever 
A and the link CE fall out of line and the rim is nipped between 
the saddle D and the block E. Aa A continues to move to the 
right the wheel is pulled around by it. When A is pushed back, 
a stop prevents it from turning more than enough to loosen the 
hold of the saddle and block on the rim. 

If it is required to throw the ratchet out of action a second 
stop H may be brought up to the lever by means of the screw F 
so that it cannot turn far enough to the right to allow the block 
and saddle to nip the wheel rim. No motion will then be given 
to the wheel. 

One advantage of the friction ratchet is that the stroke, need 
not be an aliquot part of the circumference of the wheel. 

89. Releasing Ratchets. — Ratchets of this class are used to 
hold some part of a machine pending the movement of someother 
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part and then to release the part at a given time. A common 
example is the trip motion of the Corliss valve gear (Fig. 80). 
is the center of a rotating valve which is actuated by the 
lever G, through the bell crank AOB. At B is centered a latch 
link L, having two arms, N and M. One arm has a notch which 
et^ages a latch block C while the flat spring S presses the other 
arm against the cam D, known as the trip collar. The arm 
E of the trip collar receives motion from a link F which is 
attached to the governor of the engine. The latch block C ia 
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rigidly connected to the lever G and at a point on (?, between C 
and O, a rod K is attached. To the other end of K is fastened 
the piston of a dash pot. 

The operation is as follows: Let the valve be opened by pull- 
ing R to the right. This operation raises the end B of the bell 
crank AOB, carrying with it the latch link L and the latch block 
C. After being raised a certain distance the end N of the 
latch link meets the point of the cam at P and is pressed out- 
ward by it. This movement pushes the notch on the latch link 
away from the latch block and releases the lever G. The latter 
drops by its own weight and the suction of the dash pot and closes 
the valve. 

The time of closing the valve is regulated by the pull of 
the governor on the rod F. This shifts the trip collar about 
the center O so that the point P of the cam strikes the latch 
link at an earlier or later point of its stroke. 

90. The Escapement — This is a mechanism in which one 
member, under the action of an impelling force, is allowed a regular 
intermittent motion in one direction. 




Fig. 81. 



The impelled member is some form of toothed wheel and the 
controlling members are called pallets. 

Fig. 81 may be used to illustrate the principle of the escape- 
ment. A is the wheel having the drum B around which is 
wound a cord suspending the weight TF. The pallet P is cen- 
tered at and so balanced that it will remain in contact with the 
wheel teeth unless the screw S is held down against the stop N, 

The wheel is impelled forward by the weight in the direction 
shown by the arrow. If S be suddenly forced down and then 
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releaaed P will fly out of contact with the wheel tooth, the wheel 
will turn through one or more pitch distances when the pallet 
will fall back into place and arrest its motion. 

Many modifications of this movement have been invented in 
the construction of watches and clocks. They are somewhat 
too specialized to be within the scope of this book but on account 
of its general application, one movement will be described. 

91. The Pendulum Escapement. — In Fig. S2 the balance 
wheel A is acted upon by a spring or a weight which impels it 
in the direction shown by the arrow. At £ b suspended a two- 
arm lever, called an anchor, having pal- 
lets C and D which engage the teeth of 
the wheel. A pendulum is attached to 
the anchor in such a way that both 
oscillate together in a vertical plane. 

The swing of the pendulum is repre- 
sented by the arc FGH I. The wheel 
teeth are made somewhat as shown, 
with curved sides and oblique ends. 
The lower side of the pallet C and the 
upper side of D are made arcs of cir- 
cles drawn from the center B. The 
ends of the pallets are finished by ob- 
lique lines. 
Fia. 82. Suppose the pendulum to be in the 

position G and swinging toward F. In 
this position a wheel tooth N is resting on the upper surface 
of D. The wheel is locked against rotation and the tooth N 
slides on the upper surface of D while the pendulum swings 
from G to F and back to G. The only force resisting this mo- 
tion is the slight friction between the surfaces of the pallet 
and the tooth. When the pendulum reaches G on its return, 
the point of a tooth meets the oblique end of D and from G to 
H presses against this oblique surface thus urging the pendulum 
forward. When the pendulum reaches H, this tooth escapes 
from the lower point of the pallet and a tooth M on the other side 
of the wheel falls upon the lower surface of C. From H to I 
and back to H, tooth M presses against C and the wheel is again 
locked. At H the point of tooth M meets the oblique end of 
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the pallet, forces the pendulum back from H to G, during which 
motion M escapes. 

The impulse being given to the pendulum at the middle of the 
oscillation each time, its period is unaffected by the motion of 
the escape wheel so that the pendulum is made the absolute 
regulator of the escapement. The escape wheel comes to a dead 
stop after each escapement. 

This pendulum escapement illustrates the principle of mechan- 
ical regulators of various sorts which are known as "dead beat." 
This expression means that the regulator or governor, while 
dependent upon the movement of the regulated part for being 
put into operation, is not dependent upon the governed part 
for stopping its operation. 

Thus in a turbine water wheel, the governor is put in operation 
by an increase in the speed of the wheel above the normal, and 
the governor, through its connected mechanism, starts to close 
the gates of the wheel. Now if the governor should keep on 
closing the gates until the speed of the wheel had fallen enough to 
automatically stop the action of the governor, the inertia of the 
mechanism would carry the closing operation too far and the 
speed of the wheel would be carried below the normal. The 
governor is therefore made so as to stop its own action independ- 
ently of the falling speed of the wheel. 

92. Checking ratchets are not used to transmit motion, but 
to check a motion already in progress and bring the moving 
piece gradually to rest. The general principle is illustrated by 
Fig. 83 which represents a safety device for an elevator. 

AB is a vertical shaft and C and C are collars which may be 
taken to represent the load which is carried by the rod K and 
which moves freely up or down the shaft. 2) is a friction block, 
attached by means of the link E to the center 0. Q and are 
both flexible joints. E is connected by flexible joints, through 
the link F and the lever H, to a rod K which is in turn rigidly 
fastened to the loaded collar C R is the center of rotation of H 
and L is a flexible joint. A tension spring S is fastened to H, 
tending to rotate it in the clockwise direction. 

While the load is on K, L is held up against the action of the 
spring. D is forced downward and held clear of the shaft. If a 
break occurs, L is released, the spring rotates the lever and D is 
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pulled up against the shaft. The friction caused by the down- 
ward movement of the load jams D hard up against the shaft 
and brings the whole apparatus to rest. 




Fia. 83. 




Fig. 84. 



93. Locking ratchets are stationary ratchets designed to hold 
parts of a mechanism in a fixed position against the action of an 
external force and yet in such manner that they may be readily 
released. 

This form of ratchet is commonly used in fire arms and known 
as the '*lock," an illustration of which is shown in Fig. 84. 

The tumbler H, to which the hammer is fastened, is the piece 
to be locked and released. /S is a spring which pulls downward 
on a pin P, located in one end of a link, the other end of which 



RATCHETS 85 

is connected to the tumbler at K. L is a trigger lever which acts 
against H and AT is a spring. The trigger end of H is made with 
notches or teeth like a ratchet wheel. 

In the sketch the hammer is shown half cocked and by pulling 
it back until L engages the notch at R it may be full cocked. If 
in that position the trigger T be pulled backward, L will slip oflf 
of its seat against the notch, H will be released and its front end 
will be instantly pulled down by the spring S. 

The mechanism is generally so arranged that it will not pull 
off at half cocked. 

The spring N brings L back into position to engage 
the ratchet, when the hammer is again cocked. 

94. The Star Wheel.— Fig. 85 illustrates a form 
of ratchet, motion, though not strictly a link motion, 
that is sometimes used on speed counters and similar 
devices. /S is a star wheel having three or more teeth, 
r is a rotating lever or tappet which is made to en- 
gage the teeth. As the tappet rotates about it 
strikes a tooth of the wheel once every revolution 
and turns the latter through one pitch distance. 
The star wheel is attached to a numbered scale so 
that every time a tooth is moved a new digit is ex- 
posed. The star wheel is thus made to register the number of 
revolutions of the tappet. 

PROBLEMS 

1. Show the proper direction for the line of pressure between a ratchet 
tooth and its pawl or detent. 

2. Make a sketch of the reversible ratchet on the feed motion of some 
shaper. 

3. Lay out a double-acting ratchet to drive a 20-tooth wheel, the pitch 
of the wheel being 1 in. 

4. If a multiple ratchet has four clicks and the pitch of the wheel is 1 1/2 
in., what will be the distance between their contact ends? 

5. Lay out a releasing ratchet like Fig. 80 for the following dimensions: 
Stroke of iB, 5 in. Maximum lift of C 2 in. Average lift of C 1 in. Arc of 
rotation of ^ 15 degrees. 

6. Define a "dead beat'' escapement and state what use it has. 

7. Show how to make the tumbler of a gun lock so that the hammer will 
not pull o£F at half cocked. 




CHAPTER VI 

WRAPPING CONNECTORS 

96. Definition and Classification. — ^A wrapping connector is 
a flexible cord, belt or rope, which passes around the connected 
pieces forming a closed loop or endless chain. It may be used 
when the pieces to be connected are so far apart that gears or 
links cannot conveniently be employed. 

Wrapping connectors may be classified according to their 
form and the materials from which they are made, as: 

(1) Round cords. 

(2) Flat belts. 

(3) Hemp or wire ropes. 

96. Contact of Wrapping Connectors. — ^The contact of wrap- 
ping connectors is theoretically pure rolling since consecutive points 
on the connector come in contact with consecutive points on 
both driver and follower. If, however, the force necessary to 
overcome the inertia of the follower is greater than the force due 
to the friction between it and the connector, then the latter will 
slip. Slipping always takes place to some extent when motion is 
transmitted by wrapping connectors hence the real contact is 
mixed rolling and sliding. 

Since slipping takes place the driving action is not positive. 

The directional relation may be either the same or opposite 
according to whether the connector is **open" or "crossed.'' 
In Fig. 86 (a) the connector crosses the line of centers between the 
connected pieces and the pieces rotate in opposite directions as 
shown by the arrows. At (6) the connector does not cross the 
line of centers and the pieces rotate in the same direction as 
shown. 

If the center line of the connector is taken as the line of action, 
this line of action will intersect the line of centers in a fixed 
point A in the case of the open belt, and A' in that of the crossed 
belt. Therefore according to Rule IV of Art. 41 the velocity 
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ratio should be constant. Owing to the slipping, already noticed, 
the rule does not hold true and wrapping connectors cannot be 
used where a constant velocity ratio is essential. 

Theoretically the linear velocity of the contact surfaces of the 
connected pieces and all points of the connector are the same 





Fig. 86. 



and the angular velocity of the connected pieces is inversely 
proportional to their radii. 

97. Cord Connectors. — These may be used for light work such 
as sewing machine drives, where the power transmitted is small. 
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Cord connectors are made of cotton, hemp, leather, raw hide or 
almost any material that is sufficiently strong and flexible. 

The pulleys for these connectors are grooved or scored as shown 
by Fig. 87 so as to keep the cord in its place. The cord rests on 
the bottom and sides of the groove. 
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The angular velocity ratio of the connected pieces is inversely 
proportional to radii, the radius being taken to the center of the 
cord when the latter is in place. The radii may also be taken to 
the outside edge or the bottom of the grooves without serious 
error. 

98. Belts. — The flat belt is the form of connector most com- 
monly used for driving machinery. It has the advantages of 
being light, cheap and flexible and the disadvantage of trans- 
mitting an unsteady and variable motion. Belts may be used to 
connect cylindrical pulleys whose centers are a moderate distance 
apart, say up to 25 ft. Such belt drives may be run at a speed of 
3000 ft. a minute and in some cases they have been run as high 
as 6000. The best belts are made of strips of leather, cut from 
the back or toughest part of the hide, and either sewn, cemented 
or riveted together. For use in damp places where leather 
belts would disintegrate, belts made of canvas and covered 
with vulcanized rubber, are suitable. Laced raw hide, water- 
proof woven cotton and thin strips of sheet metal have been 
used in some cases. 

The common form of a belt drive was shown at Fig. 86 where 
D and B are the pulleys and C the connector. D and B may be 
any size depending upon the power and speed of the connected 
shafts, they may tmn in either direction and either may be the 
driver. The angular velocity ratio is: * 

D_ QK 
B^ OP 

The nearer the same size the pulleys can made, the better the belt 
will work for as the difference in the diameters increases the arc 
of contact on the smaller pulley decreases and this increases the 
slipping. When it is necessary to have one pulley much larger 
than the other their centers must be kept as far apart as possible. 
The frictional force between a belt and pulley increases with 
the width of the belt and the smoothness of the siu'faces in 
contact. A leather belt should have the smoother, or hair side, 
in contact with the face of the wheel. 

99. The Crowned Pulley. — To keep a belt in its place on a 
cylindrical pulley, the center line of the part which is approaching 
the pulley should remain in the central plane of the pulley. The 
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constant flapping and vibration of the belt will throw it off side- 
ways unless means are taken to prevent it. This is done by 
"crowning" the wheel, that is, making its diameter larger on the 
central plane than at the sides. 

The reason why a belt stays on a wheel of this shape may be 
explained thus: 

The pull on the belt and the stiffness of the material tend to 
keep the edges parallel and running perpendicular to the axes of 
rotation. When the belt is passed over a cone it tends to lie 
flat on the face of the cone with edges perpendicular to the 
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elements. These two opposing influences will bend the belt, 
Fig. 88 (a), and in resisting this bending it creeps to the left, to 
the highest part of the cone and will run off there if not prevented. 
If another similar cone be placed with its end to the first one, 
the belt will take a position with its center line over the plane 
on which the cones are joined and will remain there because the 
forces which tend to move it to either side of this plane are 
balanced. 

A crowned pulley is simply two cones with their large ends 
placed together as shown in Fig. 88 (6). 

The amount of crowning that is necessary to hold a belt in place 
is uncertain; an average value in practice is \ in. increase in 
diameter for each foot of increase of width of face. That is, a 
pulley with a 24 in. width of face would be made J in. larger in 
diameter on its median plane than at the edges. 
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100. Shifting Belts. — To put a belt on to a rotating pulley, 
the part of the belt that is advancing toward the pulley must be 
started on first. In Fig. 89 a belt advancing as shown must be 
started at A or it will not run on. 

Machines are frequently started and stopped without stopping 
the power that drives them. This is effected by putting both a 
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tight and loose pulley on the follower shaft, Fig. 90. A is a wide 
pulley on the driving shaft and B and C are two narrow ones on 
the follower. B may be fastened rigidly to the following shaft 
and turn with it while C turns loosely. An arrangement called 
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Fig. 90. 



Fig. 91. 



a ''shipper," E^ presses against the advancing side of the belt G 
causing it to take the position shown by the dotted lines, then the 
tendency of the belt to keep its edges parallel makes it slide along 
A until it is disconnected from B and connected with C 

101. Twisted Belts. — Two non-parallel shafts may be con- 
nected by twisting the belt as shown in Fig. 91. 
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First assume the shafts to be parallel with the pulleys parallel 
to the plane of the paper and the belt running in the direction of 
the arrow. Draw MN tangent to each pulley at the center of 
its face and on the side from which the belt leaves it. Fold over 
the lower pulley and its shaft on MN as a hinge, until the shafts 
make the required angle. The lower pulley will then take the 
position shown by the full lines and the central planes of the 
pulleys will intersect at MN. The center line of the belt, as it 
advances upon the lower pulley, will lie in the central plane of 
that pulley and the center line of the part that advances upon A 
will lie in the central plane of that pulley. Hence the belt will 
remain in position as long as the rotation is in the direction shown, 
but if the direction be reversed it will immediately run oflf. 

102. Guide pulleys are used to change the direction of a belt. 
In Fig. 92 a belt having the direction AB is to be changed to the 
direction £C, the guide pulley must be so located as to be tangent 




Fig. 92. 



to AB and BC. Its center will be at some point on BF 
where BF is the bisector of the angle ABC, made by the two 
directions of the belt. 

If the lines made by the two directions of a running belt 
intersect so far from the desired position of the guide pulley as to 
make it of unreasonable size, two guide pulleys may be used 
instead of one. 

Let AB and CD, Fig. 93, be the two directions assumed for the 
guided belt. Draw BC cutting these lines at convenient points 
and bisect ABC and BCD, by the lines BF and CK. Locate one 
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guide pulley with its center at some point on BF and tangent to 
the lines AB and BC. Locate the other guide pulley in a similar 
way in the angle BCD. 

The radius of a guide pulley will be determined by the speed 
of the belt and should be of such size that its angular velocity 
will not be excessive. 
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103. Guide Pulleys with Non-parallel Axes. — Two shafts 
whose axes lie in the same plane but which are not parallel may be 
connected by a flat belt if the pulleys and guides be placed in such 
relative positions that the element of the surface of one wheel, 





Fig. 94. 

where the belt leaves it, lies in the central plane of the wheel 
that follows it. This will cause the center line of the part of 
the belt that is approaching a pulley to lie in the central plane of 
that pulley. 

In Fig. 94 let be the driver, Q the follower and G the guide 
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pulley and let the direction of the belt be as shown by the arrows. 
Place G so that an element at F, where the belt leaves it, will lie 
in the central plane of 0, and at the same time, its central 
plane contain the element at K where the belt leaves Q. Only 
one guide pulley is needed in this case, the belt will run only 
in the direction shown and if reversed it will at once run oflf . 

Shafts that are neither parallel nor intersecting or shafts that 
are parallel and have pulleys lying in parallel planes may be con- 
nected in a similar manner if all of the wheels have the relative 
positions indicated above. 

If guide pulleys be so placed that both the advancing and 
receding sides of the belt have their center lines in the central 
planes of the pulleys, any of these systems may be made to run 
in either direction. 

104. Length of Belts. Open Belt.— The length of a flat belt 
depends upon three factors: 




Fia. 95. 



(1) The distance between the centers of the connected 

pulleys. 
(1) The diameter of the pulleys. 
(3) Whether the belts are open or crossed. 
The length is equal to the sum of the two arcs of contact added 
to twice the distance between the tangent points of belt and pul- 
leys. Thus for the length of the open belt in Fig. 95 (a) 

L = RMP+INK+2PK (1) 
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For the purpose of calculation this equation may be expressed 
in terms of the radii. Draw FG and CD perpendicular to OQ 
and let represent the angle GOR or DQIj between these 
diameters and the radii to the points of tangency. Then by 
geometry: 



PK--y/OQ^-{OP-QKy 

and from trigonometry, FP and CK are arcs whose sines are 

equal to — ^^g — • Let the value of these arcs for unit radius be 

equal to x. 

Then since GMF and DNC are equal to n radians, we have for 

the arc of contact of the large pulley: 

0P{n+2x).^RMP 
and for the small pulley: 

QK{n-2x).=INK 
Substituting values in (1) we have for the total length of the belt, 

L^2y/OQ^-{OP-QKy+7:{OP+QK)+2{pP-QK)x (2) 

In most cases the length may be approximated with sufficient 
accuracy by making 

L^n{0P+QK)+20Q (3) 

106. Length of Belts. Crossed Belt. — Let the crossed belt be 
represented by Fig. 95 (6) where the symbols denote the same as 
in the previous article. 

In this case, PK = \/OQ^-(pP+QKy 
The arc of contact for the large pulley is, 

0P{n+2x) 
and for the small pulley, 

QK{7:+2x) 

Then the total length of the crossed belt is. 



L =2\/OQ^-{OP+QKy+{OP+QK){n+2x) (4) 

The approximate formula given by Stahl & Woods for this case is 

L=H{pP+QK)+2 0Q (5) 
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The safest way to find the length of any belt is by actual meas- 
urement over the pulleys. When this is not practicable the belt 
drive can be laid out to some scale and the length determined 
by measurement from the drawing. This method should always 
be adopted as a check on the calculations even when the belt 
length has been computed as above. 

106. Cone Pulleys. — Many machines, like the lathe for ex- 
ample, are required to have different speeds to acconmiodate the 
different classes of work. The speed of the driving shaft being 
constant, the variations may be accomplished with belt drives by 
using two stepped cones, one on the machine and one on the 




(b) 



Fig. 96. 



countershaft from which the machine is driven. Fig. 96 shows 
the arrangement. The cone is virtually a series of pulleys of 
different diameters placed side by side. They may have any 
number of steps, but generally they have from three to six. 

As shown by formula (4), Art. 105, the length of a crossed belt 
depends upon the sum of the diameters of the pulleys, hence a 
crossed belt will run properly on any two steps of a pair of cones, 
provided the sum of their diameters be kept constant. A crossed 
belt is undesirable for use on cone pulleys, on account of the 
friction of rubbing where the belt crosses, and is therefore seldom 
used. 
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107. Stepped Cone for Open Belt. — Ah open belt will not work 
properly with a pair of cones like Fig. 96 (a). As seen by the 
formula (2), Art. 104, the length of an open belt depends both 
upon the sum and the difference of the diameters of the pulleys 
and both of these factors cannot be kept constant on a pair of 
cones. 

The difiBculty may be avoided by making the contour of the 
cones as shown in Fig. 96 (b) and then bringing the comers of 
the steps out to meet this convex line. 

The method of determining the amount of swell, or what 
amounts to the same thing, the variation in the diameter of the 
steps, is given by A. C. Smith in the Transactions of the American 
Society of Mechanical Engineers, Vol. X. This method is satis- 
factory where the angle made by the belt with the line of centers 
does not exceed 18 degrees. 
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In Fig. 97 lay out OQ equal to the distance between the centers 
of the cones. On and Q as centers, draw circles to represent 
the first pair of steps, which must be previously determined from 
known conditions. Draw the tangent TT\ Bisect OQ at F and 
erect a perpendicular FH. Lay off on this perpendicular a dis- 
tance FG equal to 0.314 OQ. With G as a center draw the arc 
MN tangent to TT'. Now if any line, as JKy be drawn tangent 
to the arc MN, circles drawn tangent to it, on the centers and Q, 
will give the circumferences of the cone steps. Hence by assum- 
ing the diameter of one step, drawing a line tangent to it and to 
MN, the diameter of the other step can be found. The decimal 
0.314 is an empirical value given by the author above mentioned. 

108. Rope Connectors. — When the center distance is too great 
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for belts, motion may be transmitted by ropes running on specially 
designed pulleys. 
Rope connectors may be classified as: 

(1) Fibrous ropes. 

(2) Wire ropes. 

Their flexibility, lightness and cheapness gives to rope connect- 
ors an advantage over other forms of belting. They may, in fact, 
be used to transmit motion to distances as great as 500 yds. where 
the cost and mechanical difficulties of using leather belting would 
make it prohibitive. 

The unsteadiness of the transmitted motion, loss due to friction 
and trouble of keeping ropes in repair, are among their chief 
disadvantages. 

109. Fiber Ropes. — ^These are made principally of hemp and 
cotton. They are conveniently used on long and crooked trans- 
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missions inside of factories where their flexibility makes it pos- 
sible to carry them around corners or from one floor to another in 
distributing power to various parts of an establishment. 
There are two systems of fiber rope transmission, known as: 

(1) The English system, and 

(2) The American system. 

These are illustrated by Figs. 98 and 99 respectively. In the 
English system there are a number of separate ropes, each one 
being a closed loop and running in a separate groove in the pulleys. 
The rope is first passed over the pulleys and then the joint made 
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by splicing. This form of drive is suitable for heavy work as be- 
tween a prime mover and a main shaft. In designing a transmis- 
sion of this class one or more ropes than are needed should be 
allowed so that in case one of them breaks it will not cause a shut 
down of the entire plant. 

In the American system one rope runs continuously from one 
pulley to the next and finally back to the starting-point. Tight- 
ener pulleys are used on various parts of the system to keep 




Fig. 99. 



the rope tension uniform. A disadvantage of this form of rope 
drive which does not apply to the English method is that a 
break in the rope will cause a stoppage of the whole system. 

110. Pulleys for Fiber Ropes. — These are sometimes made with 
V grooves as shown in Fig. 100 (a). When the work is light the 
rope may rest on the bottom of the groove, but generally it 
wedges against the sides so that the frictional resistance to 
slipping is great. The angle between the sides of the groove 
should be about 45 degrees. If made much less than this the rope 
will be squeezed so' tightly that it will wear out rapidly. The 
groove shown at Fig. 100 (b) is a more suitable form for heavy 
work than the V groove. The slope of the sides is the same as 
before, but they are curved at the top and bottom so that as the 
rope stretches and wears it sinks deeper into the groove and is not 
pinched so hard. Where tightener pulleys are used the rope 
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may rest on the bottom of the groove. When the pulley has a 
number of grooves as in Fig. 98, they must be made the same 
size and all the same diameter or the rope tension will be unequal 
and all of the load will be carried by the tightest rope. Consid- 
erable loss is due to the bending and unbending of the rope 
around the pulley. To reduce this as low as possible the diameter 
of the pulley should be not less than thirty times the diameter of 
the rope. 

The horizontal, unsupported distance between the centers of 
the pulleys may be from twenty to sixty feet and it is best to have 
the driving, or tight side of the rope on the lower side of the pul- 
leys. The upper side will then sag down in a curve approxi- 
mating the catenary, thereby increasing the arcs of contact. 




(O) 




(b) 
Fig. 100. 
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The pressure between the rope and pulley is chiefly due to the 
weight of the rope and the initial tension should not be great 
enough to pull it tight. The slacker the rope can be, and still 
do the work, the longer it will wear. 

Ropes fitted as above described may be run at speeds all the 
way from 1000 to 7000 ft. per minute. 

Ill, Wire Rope Drives. — Wire ropes are commonly used for 
very long drives. In designing a drive of this class it is important 
to consider: 

(a) The form of the groove. 

(b) Relative size of pulley and rope. 

(c) Vibrations of the rope. 

(d) Sag of the rope. 

Fig. 100 (c) shows the form of groove that should be used 
with a wire rope. The latter is not supposed to touch the sides at 
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all but lies on the bottom of the groove. Where the pulleys are 
made of iron the tread of the rope should be of wood, gutta-percha 
or preferably leather so as to increase the frictional resistance to 
slipping. The depth of the groove is made large to prevent the 
rope from jumping out. 

If the pulleys can be made of large diameter it will diminish 
the influence of the stiffness of the rope and decrease the bend- 
ing force required. The diameter of the pulley should not be less 
than 100 times the diameter of the rope. 

The swaying and flapping of a rope may be great enough to 
cause serious trouble. This is due to the pulleys being un- 
balanced or out of line, to the wind or to the bad condition of the 
rope. If it continues after these defects have been remedied, it 
may be necessary to use more supporting pulleys. 

So-called harmonic vibrations which sometimes occur in short 
drives may be remedied by changing the speed or by using a 
supporting pulley. 

The driving side of a wire rope is best placed below the pulleys 
with the slack on top. The rope sags in the form of a catenary 
but for purposes of measurement the curve may be more con- 
veniently laid out as a parabola. 

Koebling recommends that the initial tension be such that the 
sag of the rope shall be one-thirty-sixth of the span when not 
running. When the rope is moving the tension on the tight side 
will be increased so that the sag on that side will be about one- 
half of that on the slack side. The amount of slack may increase 
in hot weather owing to expansion. 

On long drives supporting pulleys should be placed about every 
400 ft. Those on the driving side should be the same diameter 
as the principal pulleys, those on the slack side may be made 
smaller since, having a smaller load, they may run at a higher 
speed. 

For very long drives the principal pulleys are sometimes ar- 
ranged in relays, the first follower shaft having two pulleys, one of 
which is a follower to the first driver, and the other a driver to the 
second follower, but such rope drives will not work well where the 
center distance of the driver and follower is less than 130 ft. 

Wire ropes may be run at speeds of from 3000 to 6000 ft. per 
minute. 
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112. Wrapping Connectors for Variable Velocity Ratio. — Fig. 
101 shows a device that is sometimes used to change the velocity 
ratio of a driver and follower when the use of stepped cones is not 
convenient. TT is a V-shaped belt made by fastening short blocks 
of wood to a flexible band. At A is a pair of disks mounted on a 
shaft in such a way that they can be pushed together or apart, 
forming a V-shaped groove of varying width. At B is a similar 
pair of disks mounted in the same way. L and L' are levers, 



c 







Fig. 101. 

centered at Q and Q' and operated by the screw Sj on which is a 
chain wheel K. 

Suppose C to be the driving shaft connected with a source of 
motion through the pulley P, and let D be the follower shaft, 
which is connected to the driven machine through M or N: 

The operator, by turning the chain wheel, rotates the screw S 
which forces the front end of the levers apart carries the con- 
ical disks with them. At the same time the back ends of the levers 
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and the back cones are forced together. The belt drops down be- 
tween the front cones and is pushed up on the back ones. The 
effective diameter of the front cones is decreased and that of the 
back ones increased thus decreasing the velocity of the follower. 



Fio. 102. 

113. The Fusee. — Fig. 102 shows a form of wrapping connector 
that will transmit a variable velocity ratio for a limited period 
depending upon the length of the connector. The principle is 
used in some chronometers to counteract the tendency of the 
time piece to run alow as the spring "runs 

The follower A is a cylindrical drum 
i\/v while the driver Bis a conical drum. The 
wrapping connector is in this case a fine 
chain having the ends fastened to the 
. drums and arranged to wind and unwind 
upon them. Inside of the drum £ is a 
coiled spring which drives the mechanism. 
As the spring uncoils and consequently 
weakens, the velocity of B tends to de- 
crease, but the chain is so wound that the 
efTective driving radius at the same time in- 
creases. These two tendencies balance 
each other and A is driven at a constant 
velocity, 

114. The Differential PuUey.— Fig. 103 
shows a form of wrapping connector which 
is used for lifting heavy weights. In this case the velocity with 
which the load is moved depends upon the difference in linear 
velocity of the circumference of two pulleys of unequal diameter, 
but which are fixed together on the same axis. 
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The pulley B has grooves of different radii; OL and ON. An 
endless chain K runs over these grooves and supports the mov- 
able pulley C, to which a weight may be attached. 

By pulling downward on the chain at X, the pulley C is drawn 
upward toward 0. 

Let a equal the linear velocity of points E and N on the larger 
groove and of a point K on the chain. Let a' equal the velocity of 
points on the smaller groove and /? the upward velocity of pul- 
ley C. 

If we assume the chain to be fixed to the pulley at the point L, 
then a downward pull on the chain at K will cause the pulley C 

to move upward and its velocity will be ~^' Again if the chain 

be assumed fixed to the pulley at B, a downward pull on the chain 

a' 
at K will cause C to move downward with a velocity 2" The 

actual velocity of C is the difference of these two velocities, or 

Now points at L and N are both moving downward and their 
relative velocity is — = yjj^ from which a'=a ^^ (2) 

Substituting this value of a' in (1) we have 

^ a OL a/ 0L\ ( ON-OL \ 

From which the velocity ratio, 

a 20N 



116. Intermittent Wrapping Connectors. Tackle and Falls. — 

An intermittent motion may be transmitted by wrapping con- 
nectors of hemp or wire rope arranged to run over grooved 
sheaves, one end being attached to a load and the other ar- 
ranged to wind on a cylindrical drum. 

A common illustration is the "Tackle and Fall" shown in Fig, 
104, an apparatus which is used for hoisting. The rope, sheaves, 
blocks and hooks together constitute the tackle and the free end of 
the rope P is called the fall. 
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The figure shows two sets of blocke and sheaves. From the 
fall P the rope passes over the outer and larger sheaves and 
returns around the smaller ones, being finally fastened to the book 
K. The whole tackle, including the load, is suspended at C. 
The fall may be operated by hand or it may be wound over a 
cylindrical drum. 

If P be moved in the direction of the arrow with a velocity V, 
the load F, will be moved upward with a velocity equal to one- 
fourth of V. If two sheaves be used instead 
of four, then the upward velocity of F will be 
one-half that of V, It follows then that the 
velocity of the load will be equal to the velocity 
of the fall divided by the number of turns of the 
rope or by the number of sheaves. 

This statement must not be applied to the 
ordinary form of multiple block tackle in which 
several sheaves are placed side by side, in which 
case the multiple rope is for strength only and 
does not affect the kinematlcal action. 

When the fall is wound upon a drum, unless 
the latter is long enough so that the whole travel 
of the rope may be wound in a sii^le layer, the 
travel of the load will be variable as the layers 
increase on the drum. This is sometimes 
remedied by placing a second drum behind the 
first which turns just fast enough to take up 
Fio. 10*. the slack rope. 

The drums are sometimes made with high 
flanges at the sides to prevent the rope from rutmii^ off. They 
are also made vith grooves so that the rope will wind evenly 
without crossing itself. 

PROBLEMS 

1. Show why fhe driving action of wrapping connectors is not positive. 

2. Show why the velocity ratio is not constant. 

3. Prove that a flat belt will stay on the pulley better when the latter is 
crowned. 

4. Two pulleys are connected by flat belts. The plane of the pulleys makea 
an angle of 15 degreea and the direction of the belt changes 60 degrees. 
Locate the guide pulleys. 
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5. Two shafts are connected by an open belt. Distance between axes 
8 ft. Diameter of pulleys 12 and 24 in. Find the length of belt. 

6. Find the diameter of steps on a 4-step cone, first step being 12 in. and 
the last 5 in. in diameter. Belt open. Center distance 10 ft. 

7. Design a rope drive 600 ft. long for a 1-in. wire rope. Show the amount 
of sag. How many supporting pulleys should be used? 

8. What are the advantages and disadvantages of the English and Ameri- 
can systems of rope driving? 

0. A pair of pulleys have diameters of 15 in. and 45 in. and the distance 
between their centers is 10 ft. Find the length of a flat belt when the latter 
is open. Crossed. 

10. In the differential pulley, Fig. 103, the radii of the grooves OL and ON 
are 8 and 9 in. If K is pulled down at the rate of 5 ft. per second, how fast 
will the weight attached to C be raised? 



CHAPTER VII 

TRAINS OF MECHANISM 

116. Definition and Classification. — A train of mechanism is a 
series of pairs of mechanical elements arranged to transmit 
motion. It includes a driver and a follower and all intermediate 
connectors, and may be composed of toothed gears, links and 
levers or belts and pulleys or any combination of these. 

Trains are used for three purposes: 

(1) To produce a change in velocity ratio. 

(2) To change the direction of rotation. 

(3) To provide intermediate connectors when a driver and 
follower are far apart. 
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Any or all of these features may be combined in the same train. 
Kinematically trains may be divided into three classes: 

(1) Simple. 

(2) Differential. 

(3) Epicyclic. 

117. Velocity Ratio of a Train. — In Fig. 105 let ai, a2, . . . . 
Ofl,, equal the angular velocities of the axes A, B, . . . ,M, 
Let iVi, iV2 . . . . Nm be the revolutions made by the suc- 
cessive axes in a unit of time, fii, R2, Rm the radii in 

inches of the wheels in contact while Di, D2 Dm rep- 
resent their diameters and Tij T2 Tm the number of 

their teeth if the wheels are gears. 

106 
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The velocity ratio of this train is the quotient obtained by 
dividing the angular velocity of the last axis by that of the first 

axis or the reciprocal of this, that is — ^ or — • 

But ^=^X^'X -^' 

ai ai tti a(m-i) 

, a^ N2N2 N,. ^ 

also "ir= ArX^rX tt ' 

ai iVi N2 iV(w-i) 

— I? ^ 1? ^ 7? ' 

"D.^D^^ D« ' 

"T^^Tz^ r. ' 

From this it follows that the angular velocity ratio of the train 
is equal to the continued product of the angular velocity ratios 
of the successive pairs of axes, or it is equal to the continued 
product of the number of revolutions of all the followers divided 
by the continued product of the revolutions of the drivers, or 
again it is equal to the continued product of the diameters in 
inches, radii or number of teeth of all the drivers divided by 
those of all the followers. 

This velocity ratio may also be written: 



Hence it follows that if any of the above properties of a pair of 
intermediate drivers and followers are known, these ratios be- 
tween different properties may be combined into a single equa- 
tion to obtain the value of the train. 

118. Directional Relation. — Fig. 105 represents a train of six 
wheels on four parallel axes all in external contact as shown. If 
the rotation of the first axis is clockwise, that of the second will 
be counter-clockwise, that of the third will be clockwise and the 
fourth will be counter-clockwise like the second. Hence it follows 
that if the number of axes in a train is odd, the last axis will ro- 
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tate in the same direction as the first, but if the number of axes 
is even the last axis will rotate in the opposite sense to the first. 

In Fig. 106 there are three axes and three wheels, hence A and 
C rotate in the same direction. The velocity ratio of this train is 

A B_A 




Fig. 106. 

In this case B does not affect the velocity ratio, hence it is 
called an '4dler." 

In Fig. 107 there are three axes and four wheels. A, C and D 
are external wheels and B is an internal wheel. As shown by the 
arrows, if the rotation of A is clockwise that of D is counter- 
clockwise. Hence, if the number of axes is odd and one of them 




Fig. 107. 



carries an internal gear, the rotation of the first and last axes will 
be opposite in sense. If the number of axes is even the first and 
last axes will rotate in the same direction. 

When the axes of a train are not all parallel, as when a pair of 
bevel or spiral gears is introduced, the direction of the last fol- 
lower can be determined only by following the motion of each 
wheel beginning with the first. 
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119. Number of Axes in a Train. — It follows from Art. 1 18 that 
the number of drivers or followers in a train is always one less 
than the number of axes. 

The least number of axes that can be used for a given velocity 
ratio will depend upon the limits between which the size of the 
connected wheels'may be allowed to vary. 

Let W be the diameter in inches or the number of teeth in the 
largest wheel of a train, while Y represents the same properties 
of the smallest allowable wheel. Let the large wheels be the 
drivers and the pinions the followers. 

The least number of axes will in this case be obtained when each 
driver contains TT teeth and each follower Y teeth. If M be 
the number of axes we shall have Jf— 1 followers and Af— 1 
drivers. 

Let the value of the train, — ^ be represented by s. 

TV. - Fi V E? V ^ to { M-\) f actors 
Ihen £ —y-y^ yy^ y^ ^o (M-1) factors' 

• • ^= \y) 

whence, log « = (Af — 1) (log TT— log Y) 
from which 

M=l+ '^^^ 



log TT-log Y. 



120. Examples of Simple Trains. — Fig. 108, which illustrates 
a clock train, is a good example of the use of a train to effect a 
great change in velocity. The weight TT, suspended to the drum 
L, may be regarded as the driver and B and C, the wheels which 
move the minute and hour hands are the followers. E is an 
escape-wheel connected to the pendulum. The pieces L, Ej A, B 
form one train by which the minute hand is driven at a velocity of 
one revolution per hour. L, E, D, C forms another train which 
drives the hour hand at a speed of one revolution in 12 hours. 

B and C are mounted on the same axis, but the hub of C forms 
a sleeve which fits loosely over that of B so that they turn in- 
dependently of each other. 
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121. Back Gearing of Lathes. — In Fig. 109, A is a lathe cone, 
£ is a spindle, parallel to that of the headstock, and having 
fastened to it the gear L and pinion M. The pinion K is fastened 
to the cone A and turns with it. N is fitted with an adjustable 



nut, 80 that it can be locked to the cone, or revolve with the 
spindle independent of the cone. K drives L, and M drives the 
main spindle through the gear N, when the latter is unlocked. 
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The effect of the arrangement is to give three additional speeds 
to the main spindle corresponding to the steps of the cone. The 
back gears ought to be so designed that the speed ratios will 
change by equal intervals. 
122. Example (A. Back Gearing. — Suppose the countershaft 
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in Fig. 110 makes 150 revolutions per minute and the steps on the 
cones are 10, 8 and 6 in. in diameter, then the speeds of the lathe 
spindle will be 

~Tn I X150==90 revolutions perminute 



I H~10 

|G 8/ 
\ C 10 1 



X150=150 revolutiona per minute 



X150=250 revolutions per minute 



Now let the pinions M and AT be 5 in. in 
diameter and the gears L and P be 12 in. 
in diameter, then the fastest speed with 
the back gears in mesh will be 



^- 






-„X150.43+ 



and the other two speeds will be 
8„ 5 „ 5 , 



and 



8^12^12 



X160.26+ 



55X12X12X150-15+ 



Then the ratio of these speeds to each other will be, starting 
with the highest, 

250 _ 

150 ~ 

150 



90 
90 



■1.66+ 
.1.66+ 
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The change, when the back gear» are first thrown in, is a little 
too large, otherwise the speeds decrease by nearly uniform steps. 
123. In some recent designs of high-powered lathes, the step 
cone is eliminated and the speed chaises obtained at the counter- 
shaft and by using double sets of back gears. These back gears 
may be arranged as in Fig, 111, where A is the main spindle and 
B the spindle of the back gears. The double gear EF slides on 
a spline so as to make contact with either C or D, L meshes 
with M in the usual way. The velocity ratio is either pXjij 
0„L 



or „ X 



M' 



im 



Fig. 112. 



Triple back gearing is sometimes arranged as in Fig. 112, where 
A and B are the main and back gear spindles as before. When 
the driving is done through KL and MN, the arrangement is like 
the ordinary double gearing. C is a third spindle carrying the 
pinions P and Q. The pinion M and the spindle Care so adjusted 
that when M slides out of contact, P and Q slide into contact and 
the spindle is driven through K, L, R, P and Q. The pinion Q 
makes cont£w;t with an internal gear on the face plate. 

One advantage of this scheme ia a very slow speed for high powers, 
another is that the driver Q is very near to the cutting tool. 

124. Screw Cutting Trains. — Lathes which are used for cut- 
ting screw threads are fitted with trains of gears especially for 
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that purpose. These trains have been designed in a variety of 
forms by different makers, but the basis for ail such designs is 
shown in Fig. 113. 

A is a lead screw to which the cutting tool Tis clamped by means 
of an adjustable lock nut. L is a gear on the lead screw. I is 
an idler. S is a stud which carries two gears, S' and Si. Pi and 
Pi are idle pinions, mounted together on an adjustable arm or 
tumbler and so arranged that S can be driven through them in 
either direction. H is a, gear on the main spindle of the lathe 
which drives the train. 

Suppose the lead screw and the screw to be cut are both right 
hand, then the operation of the train will be as follows: H drives 
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iS' through Piy St drives L through the idler, 7. The rotation of 
H being clockwise, L will also rotate clockwise and T will move 
from right to left. 

If a left-hand thread is to be cut the tumbler is shifted so that 
H drives S' through Pi and P', the motion of the succeeding wheels 
is reversed so that L rotates counter-clockwise and T moves from 
left to right. 

126. Change Gears. — When the screw to be cut does not have 
the same number of threads per inch as th^ lead screw, the gear 
L is changed so that the ratio between the revolutions of the 
spindle and lead screw will equal the desired ratio between the 
threads. Thus, if L has twice as many teeth as Si and the ratio of 
Si to H is unity, the spindle will turn twice as fast as the lead screw 
and the screw which is being cut will have twice as many threads 
per inch. Or, if N equals the number of threads to be cut, 
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and N' equals the threads per inch on the lead screw, while S and 
L equal the teeth on stud and screw gears respectively, then 

N = N'^ (1) 

If the ratio between the spindle and stud gears is some number Y 
other than the unity, then (1) must be multiplied by this number 
or 



N 



(L 



^N^Qy (2) 



Suppose it is required to cut a screw having eight threads per inch. 
If the lead screw has 6 threads, the stud gear 24 teeth, and the 
ratio between stud and spindle is unity, then from (1) : 

6(21) =« 

and L = 32 

If the stud gears have twice as many teeth as the spindle gear, the 
ratio is 2 and the formula becomes, 

from which L = 16 

126. Gear Table. — Every screw-cutting lathe has a set of 
change gears and a table which gives the number of teeth 
required on the lead screw and stud gears in order to cut a 
given number of threads. Fig. 114 is the table from a Reed 
lathe. Column 1 gives the number of threads to be cut. No. 2 
is the nimiber of teeth on the stud gear, and No. 3 the number of 
teeth on the lead-screw gear. 

Suppose it is required to cut a screw of seven threads per inch. 
The stud gear will have 48 teeth and the screw gear 56 teeth. 
The table shows that the stud gear does not have to be changed 
for every different thread, a practical convenience in operating 
the lathe. 

For a cut of 6 threads the stud and screw gears are both shown 
to have 44 teeth, which means that the lead screw has 6 threads 
per inch. 
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127. Compounding. — The latter part of the table, Fig. 114, gives 
the size of gears for cutting screws with a large number of threads. 
This is done by using a so-called compounding gear. Fig. 115 
is the same train as Fig. 113 with the addition of the com- 
pounding gear / on the same stud with the idler. The relation 

iV = iV'(o)must be multiplied by the ratio between S and C 
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Fig. 114. 



In the example of Art. 125 if the compound gear has half as many 

(32\ 
27) 2 = 16, 

that is there will be 16 threads instead of 8. 

The use of the compound gear has two advantages: (a) It 
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makes it possible to cut an additional screw by simply throwing 
in the lever of the compound gear without changing the screw 
gear (b) Screws with a large number of threads can be cut 
without using excessively large gears on the lead screw or stud. 
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128. Nests of Gears. — In some recent designs, the change gears 
of a lathe are arrai^ed in a "nest," and the speeds necessary to 
cut different screws are obtained by simply moving a knob on 
the outside of the machine. 



U" ' > 



Fig. 116. 

Fig. 116, taken from a Lodge & Shipley lathe, shows such a 
nest of gears. A and B correspond to the stud and screw gears 
of an ordinary lathe, C is a nest of twelve gears on the lead screw 
and D is a sliding pinion which will engage with any one of the 
nest. 

No chan^ng of gears is necessary, the operator determines 
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from an attached table the position of the knob for the number of 
threads to be cut and then places it in a hole over the nest, which 
corresponds to such number. This places the sliding pinion D 
in mesh with the proper gear of the nest. F^. 117 is the head 
end of such a lathe, with the nest, knob and connecting train. 

These lathes are sometimes designed with several trains, giving 
different ratios between A and B making it possible to cut a large 
number of threads. 

129. The Index Train. — An index is an apparatus for accurately 
dividing the periphery of a piece of work into a given number of 
parts, Bs in cutting gear teeth. It is commonly used on the mill- 
ing machine. 
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Sometimes the index plate is placed directly on the axis of the 
work to be divided, but the usual method is to put the index 
plate on a separate spindle and connect it with the work spindle 
by a train of gears as shown by Fig. 118. A 'is the index plate and 
B is the work spindle the revolutions of which are to be sub- 
divided. At C is an adjustable latch pin which is keyed to the 
spindle Z> and which is made to fit any hole in the index plate. 
G is a worm which meshes with a worm wheel on B. 

Let T equal the number of teeth on the worm wheel, L the 
number of divisions on the periphery of the work and N the num- 
ber of turns to be made by the latch pin. 

If the worm is single pitch, then one tooth of the wheel B will 
pass the line of centers for each complete revolution of the latch 
pin. 
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If the work is to have the same number of divisions as the worm 
wheel has teeth then: 

iV = ^=l. 

If the number of divisions on the periphery of the work is to 
be less than the number of teeth on the worm wheel, then 

iV = /y, is greater than 1. 

If the number of divisions on the periphery of the work is to 
be greater than the number of teeth on the worm wheel, then 

N — rp will be less than 1. 

The index plate is laid out with a number of concentric rows 
of holes, each row having a different number so that fractions of 
a turn of the latch pin can be indicated with accuracy. 

130. Sprocket Wheel Trains. — When gear wheels are con- 
nected by a chain the velocity ratio is the same as if they were in 
direct contact, the chain simply acts as a connector from tooth 
to tooth. 




Fig. 119. 

In the safety bicycle the sprocket train is geared up so that for 
a single turn of the pedal crank the driving wheel has a rim veloc- 
ity equal to that of a wheel of much larger diameter. Thus in 
Fig. 119, suppose the wheel A to be driven from the crank sprocket 
wheel Bj through the chain and the small sprocket C. For 
illustration let A be 30 in. in diameter and let B have 27 teeth and 
C 9 teeth. Then C and its connected wheel A will make three 
times as many revolutions in a given time as the pedal crank and 
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the rim velocity of A will be equivalent to a wheel 90 in. in diam- 
eter and having the pedal directly on its own axia. 

Such a bicycle would be rated as a 90-gear machine. 

131. Differential Trains. — The principle involved in all tr^ns 
of this class is that of a follower influenced by two forces, one 
one impelling it forward and the other backward. The result is 
the production of velocity ratios that would not be possible with 
simple trains without a large number of axes or inconveniently 
large wheels. 

Fig. 120 is a form of differential train that is used to transmit 
motion from the drive shaft to the rear axle of an automobile. 



Fig. 120. 

A and B are the axles and C is a bevel pinion on the end of the 
drive shaft which receives motion from the motor. 

D is a gear fastened rigidly to the case FGH and turning with 
it. The case rotates freely on the bearings K and L of the wheel 
axles. The pinions M and N rotate freely on pins driven into the 
case at F and H and serve to lock the gears P and so that 
when the machine is moving in a straight hne, the gear D, the 
gear case, the pinions M and N and the gears P and all rotate 
together as one piece. 

Suppose now that the machine is turned to the left, then the 
left-hand wheel axle must turn slower than the right-hand axle 
otherwise the left-hand wheel will sUp or "skid" on the ground. 
This means that the pressure on the teeth of will be greater than 
that on the teeth of P. This unbalanced pressure will be 
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exerted on the left side of pinions M and N and the latter will 
begin to rotate in opposite directions as shown by the arrows and 
this counter rotation will accelerate P. 

If P, 0, M, and N are all the same size then the number of 
revolutions of will equal the number of revolutions of the 
case minus that of M or N, and the revolutions of P will equal 
the revolutions of the case plus that of M or N, 

132. The Epicyclic Train. — This is a differential train in 
which one member revolves around another in such a manner 
that points on the revolving piece describe epicycloidal curves. 
The simplest form of the train is shown in Fig. 121| where A 
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Fig. 121. 

is a gear wheel centered at and C is a train arm also centered at 
and having mounted upon it a second gear B, arranged so as to 
mesh with A . 

If C be fixed in position while A and B both rotate, the arrange- 
ment will be a simple train but if either A or jB be fixed while 
the train arm carrying the other wheel, rotates, the arrangement 
will be an epicycUc train. 

Let A be the fixed wheel and let C rotate in the clockwise direc- 
tion, carrying B with it. Then, supposing the wheels to have the 
same number of teeth, for every rotation of the train arm about 
0, B will make one complete rotation about the axis Q, also in 
the clockwise direction, solely because of its motion about 0, 

Again let B and C rotate together as before and let A rotate 
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simultaneously and in the same direction. Then the clockwise 
rotation of B will be canceled by the motion of A, and B will have 
no absolute rotation on its own axis. 

Again let A rotate with the same velocity as the train arm but 
in the counter-clockwise direction. Then the rotation of B will 
be equal to the rotation of A plus the rotation of the train arm. 
That is, for one rotation of A and the train arm, B will have two 
complete rotations on its own axis in the clockwise direction. 

When C is fixed, A and B rotate in opposite directions and the 
velocity ratio is said to be negative. If any number of wheels 

be placed between A and B, the 
value of the velocity ratio will be 
negative if with the train arm fixed, 
the rotation of A and B is opposite 
in direction, that is, if the number 
of axes is even. If the number of 
axes is odd, A and B will rotate in 
the same direction and the value of 
the velocity ratio will be positive. 

133. Velocity Ratio of Epicyclic 
Trains. — ^If the number of teeth on 
A and B, Fig. 121, is not the same, the 
absolute rotation of B will equal the 
rotation of the train arm plus or 
minus the ratio of the number of teeth 
on A and B, Also the rotation of 
either wheel with respect to the train arm, is equal to the absolute 
rotation of the wheel plus or minus the rotation of the arm. 

In Fig. 122, let OP be a train arm and let A and Z be the first 
and last wheels of a train. Let L, M and N represent the rota- 
tions of the arm, the first and last wheels respectively, and let X 

represent the velocity ratio Z to A, that is, the value 

Art. 117. 

Suppose the arm OP to turn to some new position as OP' 
while wheel A, driven by some outside agency, rotates through 
the angle HOB, driving Z through intermediate gears through 
the angle DP'F. Then the angle HOB is to the angle DP'F as 
the number of teeth on Z is to the number on A. Also HOC 
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equab EP'F and in this case {HOB— HOC) is the rotation of A 
relatively to the arm. Similarly {DP'F — EP'F) is the rotation of 
Z relatively to the arm. These relations being true for any angle 
are true for complete rotations and we may therefore write: 



X= 



N-L 

M-L 



(1) 



This is the general equation for epicyclic trains and by transposing 
terms we get, for the arm and wheels: 



L = 



MX-N 
X-1 

N-L 



M=L-\ 
N=L+X{M-L) 



(2) 



(3) 
(4) 



If either wheel is fixed M or N will be equal to zero and the 
formulas will be modified accordingly. 

134. Example of the Epicyclic Train. — In Fig. 123, let il be a 
train arm, B the first and E the last wheel of a train. 
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Fio. 123. 

Suppose B, driven independently of the arm, to have 100 
r. p. m. and to have 99 teeth while the other wheels of the 
train have 100 teeth each. If the rotation of the train arm 
isO, 

iV-100^X^-100^-^-X^^=99 

Since there are three axes, X is positive and its value is 

.^?. _ 99 
100 
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As the drivers and followers here difiFer by a single tooth, this 
is the smallest difference in velocity that it is possible to obtain 
with a train of three axes without increasing the number of teeth 
on all the gears. By giving the train arm simultaneous rotation, 
however, it is possible to obtain a much smaller difference in 
velocity without otherwise changing the train. For example, 
let E be required to make 999 revolutions while B makes 1000. 
Then from (1), Art. 133, 

-^-^ = 99 



and from (2), 

(1000X0.99) -999 -9 



L = 



0.99-1 



-0.01 



= 900 r.p.m. in the same direction. 



135. Planetary Motions. — Epicy clic trains are sometimes called 
''planetaries,'' the name being derived from Watt's "Sun and 
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Planet Motion" which is an epicyclic train having the last wheel, 
Nf fixed. The train was originally applied between the connect- 
ing rod and shaft of a beam engine as a substitute for a crank. 
In Fig. 124, QP is one end of the walking beam, C is a spur 
wheel on the main shaft and D is another spur wheel attached to 
the connecting rod and gearing with C OK is a link which holds 



DIFFERENTIAL TRAINS 125 

C and D in contact. As QP oscillates OK and D rotate around 
the center 0. Considered as an epicyclic train, OK is the train 
arm, C is the first wheel and D is the last. 

As there are but two axes the value of the train is negative and 
when C and D have the same number of teeth, X = ( — 1) . D has 
no absolute rotation on its own axis, hence by putting iV = 0, 
and substituting values in formula (3) of Art. 133. 

M=l(i-^)=2L 

That is, for one revolution of the train arm, corresponding to 
one cycle of the beam QP, the shaft makes two revolutions in- 
stead of one. 

If C has twice as many teeth as D, then X = ( — 2) and, 



M 



-4'-^^-^ 



That is, the shaft revolves three times while the end of the beam 
makes two cycles. 



PROBLEMS 

1. A shaft which makes 100 r.p.m. is connected to a third shaft through a 
pair of pulleys 12 and 15 in. in diameter, and a pair of gears having 100 and 
150 teeth. What is the speed of the third shaft? 

2. The drum of a hoist is 10 in. in diameter. On the drum shaft is a 6 in. 
pinion which is driven by an 18 in. gear fixed to a shaft that makes 25 r.p.m. 
How many feet of rope per minute will be wound on the drum? 

3. What is the direction of rotation in Prob. (l) if the first shaft turns clock- 
wise? 

4. A lathe counter-shaft makes 150 r.p.m. The lathe and counter-shaft 
cones have four steps of 10, 8}, 6} and 5 in. diameter. If the ratio of the 
back gearing is 10 to 1, find the spindle speeds. 

5. A lathe counter-shaft makes 160 r.p.m. The ratio of the back gears 
is 12 to 1. Design cones with four steps such that the speed ratios will be 
uniform and about 2 to 1. 

6. A set of double back gears are arranged as in Fig. 111. Find the 
spindle speeds if the counter-shaft makes 125 r.p.m. and the back gears have 
teeth as follows: M and ^ 90, L and C 14, D 20, and F 84. 

7. The lead screw of a lathe has 6 threads per inch. The ratio between the 
spindle and stud is 3 to 1. Find change gears to cut right-hand threads of 
4, 6, 8, 9 and 12 pitch. 

8. In Prob. 7 suppose a compounding gear having a ratio of 2} to 1 is 
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thrown in, show the number and pitch of threads that can be cut with the 
same change gears. 

9. A right-hand lead screw has 8 threads per inch. Make a gear table 
similar to Fig. 114 to cut threads from 2 to 26. 

10. Show how to set the index pin on Fig. 118 to cut a gear of 30 teeth. 
Worm wheel has 40 teeth. 

11. A bicycle has 34-in. wheels, the small sprocket has 12 teeth and the 
large one 30 teeth. What is the "gear" of the wheel? 

12. The motor shaft of an automobile makes 900 r.p.m. The driving 
sprocket has 9 teeth and the axle sprocket, 27 teeth. If the wheels are 38 in. 
in diameter, how many miles per hour will the machine travel? 

13. In Fig. 120, suppose C makes 1000 r.p.m. and the velocity ratio of C 

4 
to D « T. If the car is turning a corner so that turns one-half as fast 

as P, what will be the speed of each driving wheel in r.p.m. 

14. In Fig. 123, if the train arm makes 20 r.p.m. and B, C, D, and E have 
99, 101, 98 and 100 teeth find the value of Ny if B is fixed and revolves with 
the arm. 

15. Find number of teeth on each wheel of an epicyclic train of 4 axes, 
such that when the arm revolves 5 times the last axis will revolve 3 times. 
First wheel being fixed to the arm. 

16. Design an epicyclic train of spur gears of not over 100 teeth to trans- 
mit a velocity ratio between the first and last wheel of tJt^. 

17. A steam engine (Fig. 1) fly-wheel drives a belt to a counter-shaft and 
this in turn is geared to a large engine-lathe. The engine makes 150 r.p.m., 
the wheel is 15 ft. in diameter and the stroke of the engine is 24 in. Find 
average speed of piston in feet per minute. 

18. Find angular and linear velocity of fly-wheel rim. 

19. Find linear velocity of center of crank pin, and from this the velocity 
of piston when crank is at 45 degrees, the connecting rod being 72 in. long. 

20. In same way find velocity of piston when crank is at 135 degrees. 

21. If counter-shaft is 24 ft. from engine shaft and makes 270 r.p.m., find 
diameter of small pulley and length of open belt to connect the two. 

22. If lathe spindle makes twice as many revolutions as stud gear and lead 
screw has two threads per inch, find gears for stud and screw to cut 1, 1.5, 
2, 2.5, 3, and 17 threads per inch. No gear smaller than 24 teeth. 

23. Find speed of carriage in cutting 2 threads per inch. 



CHAPTER VIII 

DIRECT CONTACT 

TRANSMITTING MOTION BY PURE ROLLING 

136, Friction of Contact Surfaces. — Whenever two surfaces 
are in contact and there is a normal pressure between them, 
there will be a resistance to the sliding of one surface on the 
other and this resistance we call friction. 

All surfaces are covered with projections greater or smaller, ac- 
cording to the degree of smoothness. When the two surfaces 
are brough into contact the projections interlock. If pressed 
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together with great force the friction will be greater with smooth 
surfaces than with rough ones because there are more projections 
to interlock. On the other hand if the pressure is not very great 
the friction will be greater with rough surfaces. The use of 
very smoothly finished friction clutches is an illustration of this 
principle. 

When oil is used between two contact surfaces it prevents the 
projections from interlocking or as we say it decreases the friction. 

Perfectly smooth smf aces are not attainable, the friction is 
always greater than zero and varies with the substances in con- 
tact. A factor called the coefficient of friction has been found 
experimentally for the ordinary materials of engineering. 

127 
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In Fig. 125, A is a block, the weight of which acts vertically, 
downward through its center of gravity. The block rests on a 
plane of the same material and both are uniformly rough. If the 
plane be tipped up through some angle as ^ the block A will slide 
down. ^, the angle at which the block begins to slide is called 
the angle of repose. Tan. <p is the coefficient of friction and 
is equal to P-t-N, where P is the force due to the friction or 
the resistance to sUding produced by the roughness of the sur- 
faces. N is the normal pressure between the surfaces. The re- 
sultant of P and N is equal to the weight, C, of the block. 

137. Friction Wheels. — When rolling contact is transmitted 
by friction wheels the motion of the follower is not positive. In 

other words, if the friction is not great 
enough the surfaces will slip and the 
follower will stop moving. Such slipping 
will occur whenever the tangential force 
required to turn the follower is greater 
than the frictional force P, between the 
surfaces. In Fig. 126 let B be the driver 
and suppose PT to be the tangential force 
required to rotate A. 

Take from a table the value of tan <p for 
the materials in contact and lay off the 
angle <p from the line of centers as shown. 
Lay off PN, equal to the normal pressure 
between the wheels and complete the tri- 
angle PFN. 

Then PF' = JVF = the friction . 

If B is to drive A with no sUpping, PF' must be greater than 
PT, or expressed algebraically: 

PF'--FN=PN tan <p>PT. 

138. Cylindrical Friction Wheels.— ii and B, Fig. 127, repre- 
sents two rolUng cyUnders or friction wheels in contact along 
elements at P. The rules of Chapter III for contact pieces hold 
true for these wheels for: 

(a) From the nature of their curved outlines, the point of 
contact P always remains on the line of centers so that if any 
motion is transmitted it must be by rolhng contact. 
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(b) The common normal to the curves at P coincides with 
the Une of centers and passes through and 0', therefore the 
motion of the follower is not positive. 

(c) Since the point of contact P lies between and 0', the 
wheels will rotate in opposite directions. 

(d) Since by rule III of Art. 40, the velocity ratio is inversely 
proportional to the radii, this ratio must be coastant since the 
radii are constant. 




139. Grooved Friction Wheels. — It follows from Art. 137 
that as the tangential force necessary to drive a friction wheel 
increases, the normal pressure must also be increased, or the 



driver will slip over the follower without moving it. Any in- 
crease in the normal pressure increases the load, and consequently 
the wear, on the wheel bearings. Grooving the wheeb as in Fig. 
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128, decreases the pressure at the bearings in two ways: (a) By- 
increasing the frictional area, so that the wheels have more driv- 
ing power; (b) by changing the direction of the pressure between 
the frictional surfaces. 

The objection to grooved wheels is that the action is no longer 
pure rolhng contact. This is illustrated by Fig. 129 where the 
wheels A and B may be assumed to roll in contact along circles 
which pass through P about midway of the grooves. Points on 
these circles may have the same linear velocity for both wheels, 
but points on either A or B which are outside of this hne of equal 
velocities, move faster than points which are on it, and points 
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inside move slower than points that are on it, their velocities 
being in direct ratio to their distance from the centers. There- 
fore, relatively fast moving points on one wheel come in contact 
with relatively slow moving points on the other, and the result is 
a grinding action which increases the friction and wear without 
doing any useful work. 

140. Angle of Pressure, Grooved Friction Wheels. — The effect 
of changing the ai^le of pressure by using grooved surfaces is 
shown by Fig. 130. 

Jjct f = the pressure at either bearing; 

d the angle between the sides of the groove and the line 

of centers; 
N and A^' the normals at the middle of the grooves. 
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The force F produces a number of smaller parallel forces which 
act perpendicular to the sides of the grooves and the resultant 
of these forces may be assumed to act at iV and N'. Produce 
N and N' until they intersect at P. The force F may then be 
resolved at P into two components R and R', 

From the figure we have: 

F 
72 sin » = JF or fl = ^ . ^ 

^ 2 sm a 

also 

R' sin e^\ForR'=^^^,-^ 

^ 2 sm a 




Fig. 130. 



Thenfl = fl' and R-\-R'==- — n = the sum of the small parallel 

forces produced by F. 

For any value of d less than 90 degrees, sin is less than unity 
and fl+fl' is greater than F. 

When«=90, ie+ie'=F. 

As approaches 0, F decreases in proportion to iJ+iJ'. If the 
groove is made too pointed the pieces will wedge together and 
transmit no motion. Practice has shown the best results when 
6-^0' is made from 40 to 50 degriees. 

52. Brush Wheels. — Fig. 131 shows a special form of cylin- 
drical friction wheels. The small wheel B is so mounted upon 
its axis that it may slide either way across the friction plate A. 
When B is located near the edge of A, contact between the sur- 
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faces approximates pure roUii^. When B is placed near the 
center of A the contact is less satisfactory because there is a 
greater tendency to rotate B in the plane of its axis, owing to 
the different directions of the contact points of the two pieces. 
The velocity ratio of this mechanism varies with the distance 
from B to the center of A . 

The directional relation may be reversed by changii^ B to the 
right or left of the center of A. 
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This is a convenient device when the velocity or direction of 
a follower has to be frequently changed. 

142. Conical Frictioa Wheels.— If AO and BO, Fig. 132, are 
the axes of two cones which are in contact along the element 
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TO, their base circles are similar to the outlines of a pair of 
cylindrical friction wheels, and they will roll together with a 
velocity ratio depending upon their radii the same as if they 
were in a single plane. The same thing is true of any other 
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pair of sections as H and K, between the base and the apex. 
Hence it is true of the frustra between the sections. The 
frustra of cones may therefore be used to transmit motion be- 
tween intersecting axes and the conditions of contact, and 
velocity ratio will be the same as for cylinders. 




FiQ. 133. 

Fig. 133 shows the cones in external and internal contact. As 
in the case of cylinders, the axes may be made to rotate in the 
same or in opposite directions by placing them on the same or 
on opposite sides of the point of contact. 




143. To Lay out a Pair of Friction Cones. — ^Let the angular 

velocity ratio ^ ,, = «; the angle between the axes being 

60 degrees, Fig. 134. If OX is the driver and OY the follower 
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axis, take any convenient unit of length and lay it off three times 
along OX, and twice along 07, locating the points M and N. 
Through M draw a line parallel to OY, and through N draw a line 
parallel to OX; these lines will intersect at Q, and a line drawn 
through OQ will be the common element of the cones. Now an 
indefinite number of pairs of cone f rustra, having the common 
element OQ, will transmit the given velocity ratio. The diam- 
eter of one or both of the cones must be known in order to find their 
position on the axes. Suppose the radius of the driver is to be 2 
in., locate L so that the perpendicular CL is 2 in. long, then 
through C draw CR perpendicular to OF. The point L can be 
found quickly on the drawing board by holding the edge of a 
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scale perpendicular to OX and sliding it out from until the 
angle COX subtends a length of 2 in. on the scale. 

144. Friction Cones for Variable Velocity Ratio. — A method 
of using friction wheels in which the velocity ratio of the axes 
may be varied at pleasure within certain limits is shown by Fig. 
135. A space is left between the cones and a leather belt hung 
loosely over the lower one. By sliding the belt along the cones 
contact may be made at any part of their surfaces and the 
velocity ratio will vary as the radii of contact vary. 

Fig. 136 shows another method of accomplishing the same 
result. A small rotating disk C is made to slide along a shaft 
and make contact between different parts of the cone surfaces. 
In both of these cases the velocity ratio is a minimum when 
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contact is made with the smaller end of the driver and a maxi- 
mum when contact is made with the larger end of the driver. 

146. Hyperbolic Friction Wheels. — Cylindrical friction wheels 
connect parallel axes, the surfaces being generated by the rota- 



^* ^ ^^ '^^ 

\-4-* • 

I • « • 



Fig. 136. 

tion of an element of the surface about the axis. Conical friction 
wheels connect intersecting axes, the conical surfaces being gener- 
ated by the rotation of an element of the surface about the base 
of the cone, using the apex of the 
cone as a center of rotation. 
When two axes are neither parallel 
nor intersecting, they may be con- 
nected by wheels having hyper- 
boloids of revolution for their con- 
tact surfaces. 

A hyperboloid of revolution is a 
warped surface which is generated 
by revolving one straight line 
about another straight line which 
is not in the same plane with the y/yi 
first. The surface is shown in 
vertical projection at Fig. 137 (a) 
and in horizontal projection at Fig. 
137 (6) the corresponding projec- 
tions of the axis being 00' and Q. 
MN and M^Ni are the projections 
of an element. As MN revolves about the axis of the surface, 
any point on it, as P, describes a circle, the radius of which is pro- 
jected vertically at RP and horizontally, in its true length at QPi. 
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Fig. 137. 
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Any number of such points may be taken on MN and the circles 
described by them will vary in size, the smallest, having the radius 
QD and being vertically projected at DD, is called the gorge 
circle. The circle described by the outer ends of the element 
form the bases of the hjrperboloid. 

The circle described by the rotation of P will cut the axis XY 
at Pi and this point will be projected vertically at P'. If other 
points between the gorge circle and the bases be foimd in a similar 
way, a curve drawn through them will be a hyperbola. The 

surface may then have a second 
generation by the revolution of this 
curve about the axis 00'. 

When two hyperbolic friction 
wheels are in contact, their line of 
contact will be the common element 
MN which is also the common gener- 
atrix of the two surfaces. 

146. Laws of Contact for Hyper- 
bolic Friction Wheels. — The com- 
^b) mon element of contact may lie be- 
tween the axes or it may be located 
on the same side of both axes, as with 
cylinders and cones. It follows then 
that the hyperboloids may rotate in 
the same or in opposite directions. 

If a tangent be drawn to the gorge 
circles of two hyperboloids, the sur- 
faces being in contact along a common element, this tangent 
will represent the line of action between the two sections 
which are in contact at the gorge. This tangent will also cut the 
line connecting the centers of the two gorge circles in a fixed 
point. These sections will therefore roll on each other with con- 
stant angular velocity ratio. The same may be proved of any 
other pair of contact sections, it is therefore true of the surfaces. 
Two contact sections taken through any point on the element of 
contact have radii of constant length, the driving action is there- 
fore not positive. 

At the gorge circles the point of contact will lie on the line con- 
necting the centers of the circles as in ^, Fig. 138. If we take 
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any other pair of contact radii as Q^X'l, and OiXi, the point of 

contact will not lie on the line connecting the centers of the 

circular sections. The contact is therefore pure rolling at the 

gorge and at any other section it is mixed rolling and sliding and 

the further the sections are taken from the gorge the greater the 

amount of sliding becomes. 

147. Angtilar Velocity Ratio of Rolling Hyperboloids. — Fig. 

138, let two rolling hyperboloids with axes 00 and QQ be shown in 

vertical projection at (a) and in horizontal projection at (6). 

Let the inclined hyperboloid be the driver and the direction of 

motion be as shown by the arrows. Let LM be a common element 

of contact and RPS a normal to the contact surfaces through any 

point on the element. Suppose at a given instant a point A on 

the gorge circle of the inclined hyperboloid to have a velocity AF, 

in a direction tangent to that circle, then AH perpendicular to 

LM will be the normal component of AF and AG will be the 

tangential component. By Art. 43 the normal component at a 

point of contact represents the transmitted motion and the 

tangential component represents the lost motion or slipping. If 

AI represents the velocity at the same instant of a driven point 

on the gorge circle of the follower, its normal component must also 

equal AH by Art. 35. Its tangential component will be AK. 

AF 
Let a =the angular velocity of the driver = -^ v>- 

AI 
Let a' =the angular velocity of the follower = -. ->y 

a AF A^Oi AF ArOi . 

then-^=^-g^X^-j^ = AI^A.Q, ^^^ 

AF AS 
From the similar triangles AIF and ARSy ~~AT^~ATf 

From the nature of the contact surfaces the normal RPS will 
intersect the center lines in some points as R and S, In horizontal 
projection the normal segments PiR\ and PiSi are proportional 
to the radii of the gorge circles AiQi and AiOi, that is, 

AiOi _PiRi ^PR 
A\Qi^ PiSr PS 
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Substituting in (1) for —rj and . q the values just found, 

a AS PRAS PR . 

X net— bc^ A T> ^^J 



ai AR^PS PS^AR 
Again the triangles APS and PTS are similar by construction, 

therefore 'pg-pm 

Also the triangles APR and APV are similar, 

PR PV 
hence Jr^aP 

Substituting these values in (2) we have finally for the velocity 
ratio, 

a^'^PT^AP'~PT ^^ 

That is to say, the angular velocities are inversely proportional to 
the projections, upon a plane which is parallel to the ax6s and the 
common element, of the perpendiculars let fall from any point 
in the common element to the axes. 

148. To lay out a Pair of Hyperbolic Friction Wheels. — In 
Fig. 139, 00 and QQ are axes which are neither parallel nor inter- 
secting. Let it be required to construct upon them a pair of 

hyperbolic friction wheels such that the velocity ratio "qq— t* 

Project 00 and QQ upon a vertical plane parallel to both axes. 
The projections will intersect in some point A. Supposing 00 
to be the driving axis, lay ofiF on 00 from A, three units of 
length and from A on QQ lay oflf four units of length. Through 
the points X and Y so found draw lines parallel to the axes and 
through their intersection P, and the point A, draw the line AP, 
Then AP will be the vertical projection of a common element 
of the surfaces. Through P perpendicular to AP draw the com- 
mon normal CPR. The horizontal projection of CPR will be 
C'P'O'. ' Through P' draw a line parallel to the horizontal pro- 
jection of the axes, its intersection with the line of centers will 
locate the horizontal projection of A and determine A'O' and 
A'Q' the radii of the gorge circles. 
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Relatively thin laminations of the hyperbolic surfaces are 
generally used for the wheels and an indefinite number of pairs of 
laminations can be found which having AP for a common 
element will transmit the velocity required. 

The radius of one base and the thickness of one of the wheels 
must now be assumed. 

Suppose the diameter of that base which is farthest from the 
gorge plane on axis 00 to be 3 in. in diameter and let the wheel 
be 1} in. thick. 




Fig. 139. 

With center at 0' and radius equal to 0'A\ draw the horizon- 
tal projection of the gorge circle and from the same center draw 
a circle 3 in. in diameter to represent the upper base. Lay oflfon 

A'P' the points 1', 2', 3', X', equal distances apart 

and project them to AP in points 1, 2, 3," X, With 

radii O'V, 0'2', O'X', cut the horizontal center line through 

O'O', in points li, 2i, 3i Xi, and project these points 

to I2, 22, 32; X2, on the horizontals through 1, 2, 3, 
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X, thus giving points in the outline of the first hyper- 

boloid.. This curve may then be duplicated on the other side of 
the axis giving the complete outline. The plane of the section 
whose diameter is 3 in., will cut the common element at K. 
Through K draw the vertical projection of the upper base of 
the second hyperboloid, perpendicular to QQ, On any convenient 
center d, draw the horizontal projection of the gorge circle of 
this second hyperboloid and then proceed as with the first one to 
find the outline. 
Lay off ST equal the thickness of the first wheel. The plane 

of its lower base will then cut the ele- 
ment at U and' the plane of the lower 
base of the second wheel will be drawn 
through this point and perpandicular 
toQQ. 

149. Non-circtilar Wheels. — The 
laws of contact for wheels with Don- 
circular outlines may be studied on 
Fig. 140, where and 0' represent the 
axes of two pieces having the curved 
outhnes A A' and BB'. Let the pieces 
be in contact at P and let Q and Q' be 
any other points so taken that the curve 
PQ is the same length as PQ'. 

The pieces will rotate in opposite directions, for the centers 
O and 0' are on opposite sides of the contact point P. (Art. 40, 
Rule I). The centers and 0' may also be placed on the same 
side of P, in which case the pieces will rotate in the same direction. 
As long as PQ and PQ' are the same length, and points on 
them have the same linear velocity, the point of contact will 
remain on the line of centers aiid the curves will have pure 
rolling contact, if it departs from this line in either direction, the 
contact will be mixed rolling and sliding. 

The velocity ratio being inversely proportional to the contact 
radii, if the contact point remains on the line of centers, the 
contact radii of A A' must increase at the same rate that those of 

BB' decrease or vice versa The velocity ratio will therefore 

f OP OQ 
vary from ^,p to -q,^,' 
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The common normal NN' does not pass through either of the 
fixed centers. With PQ as the driver in the position and direc- 
tion shown, the driving action is positive. 

160. Rolling Ellipses. — ^Let Fig. 141 represent a pair of equal 
and similar ellipses, each ellipse rotating about one of its fixed 
foci as a center. 

Since P, the point of contact, lies between the centers, rotation 
will be in opposite directions. Sections of ellipses may be laid 
out with P on the same side of the center so that rotation will 
take place in the same direction but whole ellipses must be equal 





Fig. 141. 



Fig. 142. 



and similar hence they cannot be constructed for internal con- 
tact and rotation in the same direction. 

If TT' is the common tangent to the curves at the point P, 
than for any two equal and similar ellipses, in any position of 
contact, the four angles TPO, TPF, TPF' and TPO' are all equal. 

Then OPF and O'PF must be equal, and FPF' and OPO' are 
straight lines. 

It follows therefore that P must always lie on the line of 

centers and the contact be pure rolling. 

OR OSf 

The velocity ratio will vary between the limits ^,p/and qTo) 

and will have one maximum and one minimum value in each 
revolution. 

The driving action will be positive only during the part of 
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the revolution in which the radius of the driver is increasing. 
The ellipses may be held in contact when the radius of the driver 
is decreasing by a link or by placing teeth at the ends of the 
major axis as shown in Fig. 142. The kinematical relation is 
then entirely changed as the wheels cease to transmit motion by 
frictional rolling contact. 

161. To Lay out a Pair of Ellipses For a Given Velocity Ratio. 
— The two equal ellipses, Fig. 143, are laid out so that they will 

rotate about the fixed foci and 0' and transmit a velocity ratio 

OP 07? 

varying between the limits -^tp 8^d jy^. For convenience, let 

these limits have the numerical values of 4 and ^ respectively. 
In two similar ellipses the sum of any two pairs of contact radii 




Fig. 143. 

must be equal, so {OP+O'P) = (O'S+Ofl). From the nature of an 
ellipse OF = O'F', also OR, FP, O'P and F'S are all equal and 
the major axes equal the center distance 00\ Draw center 

line RS, and lay ofiF the center distance 00' equal to (4+1) units. 

O'P 
In the position shown, the velocity ratio of A to jB is -r^p = J, 

hence 0'P= 1 and OP =4. Then FP and OR each equal 1, and 
OF, the focal distance, equals 3. The ellipses can now be con- 
structed on these foci, in the position shown, by any of the 
known methods. 

If the ellipses are to be laid out in any other position, as that 
shown in Fig. 141, we make use of the property that any point 
on the curve has the sum of its distances from the two foci con- 
stant, equal to the major axis and equal to the center distance. 
Lay ofiF RS in the desired position; find OF and construct the 
first ellipse as described above. Let the curves be in contact at 



DIRECT CONTACT— PURE ROLLIKG 143 

any point P. Draw FP and OP and produce them indefinitely. 
Lay off PO' = PF and Pf"=PO. ThenO'andP' arethefociof 
the other ellipse, R'S' is its center line, and either pair of foci, F 
and F' or and 0', may be the fixed centers of rotation. 

162. To Construct a Pair of Non-circular Segmental Wheels. 
— Fig. 144 shows a method of constructing approximately a 
pair of segmental wheels which will transmit motion positively 
for part of a revolution the contact being pure rolling and the 
velocity ratio varying between fixed limits. 

Let and 0' be the fixed centers of rotation and let A be the 
driver tumii^ through an angle of 60 degrees while the velocity 

ratio varies from o to 3- 
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Divide OC first into 3+2 equal parts and again into 2+4 
equal parts. Then at the beginnii^ of the motion the velocity 

ratio 2 will equal ^^r^ and at the end of the motion the ratio 

2 O'N 

2 will equal YiM- ^^^^^^ ^^ ijAo any number of parts, equal 

or unequal, and then divide the angle a into the same number 
of corresponding parts. Draw the rays OP, OQ, etc. With 
radius 01 draw an arc cutting OP at P. With radius O'l, draw 
an indefinite arc, and then with MP as a radius, and center at 
M, cut the latter arc at P'. Join MP and MP' and draw O'P'. 
In the same way, describe arcs with radii 02, 03, and ON, cut- 
ting OQ, OR and OS. Join PQ, QR and RS. Next draw arcs 
with radii 0'2, 0*3 and O'N, and lay off P'Q'=PQ, Q'R' = QR 
and R'S' = RS; join these points and connect them with 0'. 
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Then as A and B revolve, the points P and P\ Q and Q\ etc., will 
fall together at the line of centers, giving the required velocity 
ratio. 

By taking the points 1, 2, 3, etc., very close together the broken 
lines can be made to approach true curves by any desired degree 
of accuracy. 

163. Elliptical Sectors. — Sectors of two ellipses can be made 
to roll together and transmit motion with a velocity ratio that 
varies between fixed limits, each sector making a partial revolu- 
tion about one focus. If the angle through which one sector turns 
and the maximum and minimum value of the velocity ratio is 
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known, the sectors can be constructed as follows : Let and 0', Fig. 
145, be the fixed foci of a pair of equal and similar ellipses, sectors 

of which are to roll together with an angular velocity ratio which 

3 1 

shall vary between the limits ^ and « while A, the driver, turns 

through an angle of 60 degrees. 

Divide 00' j the line of centers, into 3+2 equal parts and locate 
P. Divide 00' again into 2+1 equal parts and locate P'. Lay off 
OX making an angle of 60 degrees with 00\ With as a center 
and with radius OPy cut OX at N. With iV as a center and radius 
O'P draw an indefinite arc to the right of N and on P' as a center 
with radius O'P' intersect the indefinite arc at Q. This point 
will be the other focus of the right-hand ellipse and QN and QP' 
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will be the contact radii of the left-hand ellipse. Lay oS d' = d 
and with radius 0'P = QN intersect O'Y at M. The contact 
radii at the beginning of the motion will be OP' and O'P' and at 
the end of the motion they will be ON and O'M, Draw the 
elliptical curves P'N and P'M. 

To find the other focus of the left-hand ellipse produce QP' and 
lay off OQ' = 00\ Ellipses constructed on OQ and O'Q' are equal 
and similar and P'QN and P'O'M are similar sectors. 

164. Logarithmic Spiral. — The logarithmic spiral is a plane 
curve generated by a point moving along a right line while at the 
same time the line revolves about one of its points as a center. 
The center is called the pole of the spiral and the right lines 




Fig. 146. 

drawn from the pole to the curve are called radiants. It is a prop- 
erty of this curve that successive radiants, which include equal 
angles, form a series in geometrical progression. That is if 
equal angles 1, 2, 3, etc., be laid off about a center, the radiants 
which bound those angles will have values similar to the series 
1, 2, 4, 8, etc. It follows from this that any radiant which bisects 
the angle between two other radiants is a mean proportional 
between them. This property enables us to construct a spiral 
arc when any two of its radiants are known. 

In Fig. 146, let it be required to construct the section of a loga- 
rithmic spiral having the pole and passing through the points 
A and jS. 

Draw OA and OB and produce OA in the direction of E, 
Draw OF bisecting the angle AOB. Lay ofiF OE = OB and bisect 
AE Sii Q. With Q as a center draw a semicircle onAE and erect 
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a perpendicular at 0. By geometry OD is a mean proportional 
between OA and OE or its equal OB. Lay oflf OC = OD and draw 
the curve through AB and C. 

If a point is required to the right of OB, draw OL^ making the 
angle BOL = BOC and then make the distance OL a third propor- 
tional to OC and OB. Thus, OC : OB = OB: OL. 

166. Laws of Contact; Logarithmic Spiral. — For any two non- 
circular wheels in external contact, the sum of the contact 
radiants equals the center distance. Logarithmic spirals may 
be constructed with the sum of their contact radiants equal to 
the center distance, in which case rotation about the poles will 
be opposite in direction. The spirals may also be constructed 
with the difference of their contact radiants equal to the center 
distance, in this case rotation will be the same in direction. 

The velocity ratio, being inversely proportional to the contact 
radiants, will vary from a maximum to a minimum inversely as 
the radiants vary in length. 

The equation of a logarithmic spiral is r=a^. 

Where r equals the length of the radiant, 

equals the number of the successive angles counting 

from the origin to a given radiant, 
a is any base of a system of logarithms. 

Thus if a = 2, the radiant which forms the side of the third 
successive angle of a spiral will equal 2 with the exponent 3, or 
r = 2*=8. In any spiral having the base a fixed in value, the 
spiral curve, and consequently its tangent, makes a constant 
angle with the radiants. Now a common tangent to two contact 
spirals must he in the same straight hne, hence every pair of 
radiants to the point of contact must he in the same straight line. 
Therefore the point of contact must he on the Une of centers 
which is the condition of pure rolling. 

The driving action will be positive in either direction as long 
as the contact radiants of the driver are increasing in length. 

166. To Construct a Pair of Logarithmic Spirals. — To construct 
a pair of these curves for a given variation of the velocity ratio, 
we make use of the property that the sum of the radiants at the 
beginning of contact is equal to the sum of the radiants at the 
end of contact, in which case the curves are equal in length. 

In Fig. 147 let and 0' be the poles of the spirals, let the spiral 
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A turn through an angle of 60 degrees and suppose the velocity 
ratio to vary from OE :0'E = 3 :2 to OF :0'F = 5 :4. 

Divide 00' into 3+2 equal parts and again into 4+5 parts. 
Lay off the angle a and draw O'X. The contact radiants at the 
beginning of the motion are OE and O'E, and at the end of the 
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motion they will be equal to OF and O'F. Lay oflf on O'Z, O'F' 
equal to O'F. Construct a spiral through the points F' and E 
by the method already explained. The curve constructed about 
the pole will be a part of the same spiral and equal to it in 
length. It will turn through some angle P which we have to find, 
while the spiral A is turning 
through 60 degrees. With 0' as a 
center and radius OF cut the given 
curve at F2, with radius OE inter- 
sect the continuation of the same 
curve at E\ Draw the radiants 
0'F2 and 0'E\ The curve F2E' is 
equal to EF' and the angle FiO'E' 
is the angle sought. 

Lay ofiF at the angle EOY and on OF lay oflf OFz equal to 
0'F2. Find points in the curve EFz by the method already 
described. 

Fig. 148 shows a pair of spiral arcs in internal contact. With 
one spiral given the other may be constructed by the method 
just described, remembering that the diflference instead of the 
sum of the contact radiants is equal to the center distance 00'. 
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167. Lobed Wheels. — The non-circular wheels thus far de- 
scribed will give one maximum and one minimum value of the 
velocity ratio for each cycle of motion. Lobed wheels with 
outlines derived from elliptical and logarithmic curves may be so 
constructed as to give more than one maximum and minimum 
value of the velocity ratio for each cycle. Such wheels will 
drive each other by pure rolling contact. The direction of 
rotation will be constant but the driving action will be positive 
during the part of the rotation only in which the radius of the 
driver is increasing in length. 

168. Elliptical Lobed Wheels, Similar Pairs. — Two equal and 
similar ellipses are equivalent to a pair of unilobes having one 
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maximum and one minimum value of the velocity ratio for each 
revolution. From these unilobes a pair of bilobes may be de- 
rived which will have two maximum and minimum values of the 
velocity ratio for each revolution. The method of deriving 
these curves is shown by Fig. 149. Draw the outer circles of 
reference and then divide the angular space ABC on one side of 
the major axis of the elUpse into any convenient number of parts. 
Draw the radii vectores O 1,0 II, O III, cutting the ellipse in 
points 1, 2, 3. Next, divide a quadrant of the ellipse, AD, into 
the same number of parts and draw the radii vectores Ox, Oy, 
Oz, etc. With center at and with radius 01, intersect Ox at 1'. 
In a similar way intersect Oy at 2', and Oz at 3'. A curve drawn 
through the points so found will be one-fourth of the outline of a 
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bilobe which will act in contact with a similar bilobe. The 
complete wheel is shown at Fig. 150 (a). 

In the right-hand elUpse, if the angle EO'H be taken equal to 
one-third of EFG and the curve 1', 2', 3' be found in the manner 
just described, then this curve will form one-sixth of the out- 
line of a trilobe. This curve is then laid out symmetrically 
with respect to three axes to form the completed wheel as shown 
in Fig. 150 (6). This wheel will mate with a similar trilobe and 
give three maximum and minimum values of the velocity ratio 
for each revolution. 




^J 
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If we reduce the size of the angle EO'H^ being careful to keep 
it a commensurate part of EFG, wheels with any number of lobes, 
within the Umits of mechanical possibiUty, may be made by this 
method. 

169. Elliptical Lobed Wheels, Dissimilar Pairs. — The wheels 
described in Art. 158 will act together only in similar pairs, that 
is, bilobe with bilobe, trilobe with trilobe and so on. Lobed 
wheels, however, can be constructed which will act together in 
dissimilar pairs, as a bilobe with a trilobe or a quadrilobe. In 
this case a part instead of the whole ellipse is used to form the 
derived curve. 

In Fig. 151, let AB and AC be two arcs of equal length on 
similar ellipses. They are so selected that the angles which they 
subtend at F and F',the fixed focii, have a given ratio, as 3 to 2. 
A bilobe and a trilobe which will act together can be made by 
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contracting the angle AB to 90 degrees and AC to 60 degrees and 
reconstructing the arcs by the method of Art. 158. The derived 
arc AL will form one-fourth of the outline of a bilobe and AK will 
form one-sixth of the outline of a trilobe. The ratio of the con- 
tracted angles and the number of lobes on the wheels is also 3 
to 2. 
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160. Interchangeable Lobed Wheels. — Fig. 152 shows a 
method of constructing elliptical lobed wheels that are com- 
pletely interchangeable so that any wheel of the series will roll 
with any other. This is done by taking a series of ellipses having 
the same focal distance and having their minor axes in proportion 
to the numbers 1, 2, 3, 4. Then the first or primitive ellipse 
of the series will be a unilobe, the next larger will form the 
basis for the construction of a bilobe, the third will form the 
basis of a trilobe and so on. 

The wheels are constucted from the basal ellipses by the method 
of contracting angles shown in Art. 158, Fig. 149. The laws of 
contact for these lobed wheels will be precisely like those for. the 
wheels already described. 

161. Lobed Wheels from the Logarithmic Spiral. — In Fig. 153 
(a), if the spiral DHC, subtending an angle of 180 degrees, be 
placed symmetrically on both sides of a straight line, it will form 
a unilobe. If the arc HC, which subtends an angle of 90 degrees, 
be placed symmetrically about two axes XX and YY, Fig. 153 
(c), they will form the outline of a bilobe. Again if the arc which 
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subtends an angle of 60 degrees at the pole of the same spiral be 
arranged symmetrically about three axes it will form the outline 
of a trilobe. Similar pairs of these wheels will act on each other 
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in pure rolling contact, that is, two unilobes, two bilobes or two 
trilobes will act together but dissimilar pairs, as bilobe and tri- 




ra) 




lobe will not work together because the spiral arcs which make 
their outlines are of different length. 
Lobed wheels from the logarithmic spiral may, however, be 
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constructed by the following method, which will work together 
in dissimilar pairs: 

Referring back to Fig. 146, suppose the spiral arc GH to subtend 
an angle of 90 degrees at the pole. In the manner already ex- 
plained, this curve may be made to form one-fourth of the out- 
line of a bilobe. Now if it is required to construct a trilobe from 
the same spiral which will roll in contact with this bilobe, we may 
lay off at an angle of 60 degrees in such a position that the 
spiral arc intercepted between its radiants is equal in length to 
the arc GH. K AOC be the required angle, then AC will be equal 
in length to GH and OA+OH wUl be equal to OC+OG. 

PROBLEMS 

1. Two cylindrical wheels are 6 and 9 in. radius and the larger wheel makes 
20 r.p.m. Show that their angular velocity ratio varies inversely as their 
diameters and radii and directly as their revolutions per unit of time. 

2. A cylindrical iron wheel is driven by a wooden one by direct contact. 
If the tangential force necessary to turn the iron wheel is 25 lb., and the coef- 
ficient of friction for metal on wood is 0.30, what is the required normal 
pressure between the wheels? 

3. Lay out a pair of conical friction wheels to transmit a velocity ratio of 
6 to 4, diameter of base of larger cone to be 5 in. and the angle between the 
axes 60 degrees. 

4. Design a pair of elliptical friction wheels to transmit a velocity ratio 
varying between the limits i and 5. Major axes to be 5 in. long. 

5. Construct a pair of elliptical sectors which will transmit a velocity 
ratio varying between the limits j and |. Angle of one of the sectors to be 
75 degrees. Fixed focii 4 in. apart. 

6. Construct a pair of logarithmic spirals which will transmit a velocity 
ratio varying between the limits J and |. Angle subtended by one of the 
spirals 60 degrees. Distance between the poles 5 in. 

7. Prove that the pressure at the bearings for a given load is less with 
grooved than with cylindrical friction wheels. 

8. The focal distance of an ellipse is 3 in., major axis 5 in. Show how 
to derive from it a bilobe and a trilobe that will work together in rolling 
contact. 

9. A non-circular segment of 60 degrees has radii at beginnning and end of 
contact of 2 and 4 in. Find the outline of a mating segment which has an 
initial radius of 2} in. 
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ROLLING AND SLIDING CONTACT 

SCREWS, CAMS AND SLOTTED BARS 

167. Screws. — In Fig. 154, if the plate A, having the inclined 
edge CD, be moved in the direction shown by the arrow, it will 
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make contact with a follower B, along CD and B will be moved 
to B' by sliding contact. Now if this plate be wrapped around a 
cylinder whose axis is perpendicular to CE, then CD will form a 
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helix and if the cylinder be rotated on its axis, the follower will 
be moved precisely as before. This piece of mechanism is called 
a screw. The follower is generally called a nut. 

153 
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Screws are made by cutting a helical groove on a cylinder. 
The projection between the grooves is called a thread the form of 
which may be either square, V-shaped or buttressed. To pre- 
vent their sharp edges from injury, V threads are modified as 
shown by Fig. 155, in which (a) is known as the Whitworth thread 
and (6) as the Sellers or United States Standard. 

The thread shown at (c), made square in cross-section, is the 
most interesting kinematically being the form generally used for 
transmitting motion. 

When a screw is subjected to pressure in one direction only the 
buttress thread shown at (d) may be used. 

168. Pitch of Screws. — The pitch of a screw is the distance 
from one thread to a corresponding point on the next one. As 
the pitch is often a small fraction of an inch it is customary to 
designate the pitch of screws by the reciprocal of this fraction. 
Thus, a screw having a pitch equal to J in. is called a six-pitch 
screw. 




Fig. 156. 

For convenience V threads have been standardized so that the 
pitch has a definite relation to the diameter of the screw; for 
example, a 1-in. standard screw always has eight threads to the 
inch. If the diameter of the screw is increased the pitch and size 
of the thread are both increased to correspond. The square 
threads are not standardized. 

Screws may be made with either single or multiple threads. 
In Fig. 156, it Ay B, C, are sections of a thread having a pitch 
P, then the follower will move forward a distance P for each 
revolution of the screw. This is a single thread. If P be bi- 
sected and the angles filled in as shown, each thread will have 
two V-shaped grooves, each one-half as large as the original, but 
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the pitch distance P will remain unchanged. This is termed 
a double thread. By the same method multiple threads may be 
produced with any practical number of points to each pitch 
distance. The object of the device is to combine the advant- 
ages of a fine thread with a coarse pitch. 

169. Right- and Left-hand Threads. — A screw is right hand if, 
when viewed from the end, the threads slope forward to the right 
as in Fig. 157 (a) , and left hand if, when viewed from the end, they 
slope forward to the left as at (6). If a right-hand screw be 
rotated clockwise its follower will move toward the eye of the 
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operator, and if the follower be rotated clockwise it will move 
away from the eye. The relative movements will be reversed 
if the screw is left hand. 

Threads are generally made right hand unless there is some 
apparent reason for making them otherwise. It is a convenient 
practical rule to remember that a nut should be turned clockwise 
when it is to be screwed on and counter-clockwise when it is to 
be turned off. If the thread is left-hand then the reverse will be 
the case. 

170. The Propeller Screw. — In Fig. 158 is shown a form of the 
screw principle that is used for marine and aerial propellers and 
for the rotating elements of fans, exhausters and pressure 
blowers. 

If a single-pitch screw be cut by two planes perpendicular to 
the axis and a short distance apart, the portion of the thread so 
cut off is called a blade. If the screw be multiple pitch there 
will be two or more blades on the part cut off. If such a screw be 
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rotated in water or air it will cause flow in the medium, of a 
colunm equal in diameter to the diameter of the screw. If the 
screw be fixed to a ship the reaction of the column will impel the 
ship in the opposite direction. The speed of the column is equal 
to the pitch of the screw multiplied by the number of revolutions. 
The speed of the ship, if moving in water, will equal the speed of 
the projected column minus an imperical factor which is called 
the "slip," which may be from 6 to 10 per cent, of the speed of 
the column. The speed of air ships is influenced by air currents 
and other factors so that their propellers behave somewhat 
differently than those which rotate in water. 
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The diameter of a screw propeller is regulated by the amount 
of work to be done. The number of blades is generally four for 
large marine propellers and the efficiency tends to decrease 
if this number is exceeded. Fans and blowers have a greater 
number of blades, sometimes as high as six or eight. Air-ship 
propellers are made with but two blades, the desirability of this 
number being based on experimental results. 

171. The Differential Screw. -In Fig. 159 let the screw A A' 
have threads of different pitch as N and M. Let the nut L be 
fixed so that it has no absolute motion either of rotation or 
translation, while K is so fixed that it can move along A A' but 
cannot rotate. 

In one complete rotation the screw will enter the nut L by the 
pitch distance N while at the same time it will enter the nut K 
the pitch distance M. If the threads are both the same hand 
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the resultant relative movement of L and K will be the algebraic 
difference of M and N. Thus, if the screw be rotated clockwise 
and M be greater than iV, then L and K will separate by the 
distance M-N, If N be greater than My L and K will approach 
each other by the distance N-M. If the screw be rotated 
counter-clockwise the relative movement of the nuts will be 
reversed. 
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If the thread at N be right hand and that at M be left hand, 
L and K will approach each other a distance equal io N-\-M 
when the screw is rotated clockwise and they will recede from 
each other the same amount when the screw is rotated counter- 
clockwise. 
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Fig. 160. 



Fig. 160 is an application of the differential screw some- 
times used on drilling machines to feed the drill forward into the 
work. AB 18 the follower spindle which carries the drill and 
CD is the driver. E and F are two pinions fixed rigidly on CD. 
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The pimon H is threaded to fit the screw BN and so fixed to the 
frame of the machine that it can rotate but cannot move in a 
direction parallel to the axis of CD. G is rigidly fixed to the 
spindle AB, 

If CD be rotated as shown, it will drive the drill spindle, 
through pinions E and G, in the direction shown by the arrows. 
At the same time, pinion F will drive H and since ff cannot move 
in the direction of its axis, it causes the screw and spindle to 
move toward the work in the direction of the arrow. Unless the 
thread on NB is very fine, the advance of the spindle due to H 
alone will be too rapid, but the rotation of the spindle which is 
due to E and G causes it to advance through ^ET in a direction 
opposite to that caused by the rotation of H itself, hence its 
actual advance is the difference of the two motions. For exam- 
ple, if the pitch of the thread be 8 and the velocity ratio of the 
pinions is such that G makes two revolutions while H makes 
three, then in two revolutions of the spindle it will advance J in. 
or tV ill- per revolution. 

The teeth of E are made long to allow G to slide forward with- 
out getting out of contact. 

172. Cams. — A cam is a device for producing a variable, inter- 
mittent or reciprocating motion. Small cams are sometimes 
called wipers or tappets. 

The mechanism has two elements designated as the cam 
proper and the follower. 

The directional relation and velocity ratio are not comparable 
as in other forms of direct contact mechanisms, the relative 
motion of the two elements being of a wholly different nature. 

The contact may be either pure rolling or pure sliding or a mix- 
ture of both. 

The cam proper is generally made the driving element and the 
motion is positive for the working part of the follower's motion, 
although the latter may be made to return by gravity or by a 
spring. 

The cam is one of the handiest devices available to the designer; 
it is made in a great variety of forms and is the basis of most of 
the peculiar and eccentric motions to be found in automatic 
machinery. 

Cams may be studied according to the following classification: 
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Form of cjam 


Kind of 
follower 


Path of 
follower 


Motion 
transmitted 


Plate 

Cylindrical. . . . 
Conical 


> 


Roller 

Bar 


< 

i 


Straight 

Curved 

Radial 

Eccentric 

Plane 

Circular 




Continuous. 

Intermittent. 
Uniform. 


Spherical 








Curvilinear 


Accelerated. 



173. Fonn of the Cam. — The cam proper is generally some 
modification of one of the following forms: 

(1) The /ace or plate cam, Fig. 161 (a). As the cam revolves 
the follower is driven outwardly from the axis by making con- 
tact with the edge of the plate or the follower maybe moved by a 
groove cut in the face of the plate. 
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(2) The cylindrical cam, Fig. 161 (6). The follower is moved 
by a groove cut in the surface of a cylinder, the motion of the 
follower being in a plane parallel to the cylinder axis. 

(3) The conical cam, Fig. 161 (c). The follower is driven by 
a groove cut in the surface of a cone, the motion of the follower 
being in a plane parallel to the elements of the cone. 

(4) The spherical or globe cam. Fig. 161 (d). The follower is 
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driven by a groove cut m the surface of a sphere, the motion of 
the follower being spherical. 

The curves which form the sides of the grooves or plate may 
be irregular or they may be regular curves as in the involute and 
helical cam. 

The cams (6), (c) and (d) as shown, are called positive motion 
cams, that is, their follower will be displaced and returned to the 
starting-point wholly by the action of the cam, while (a) as 
shown, will displace the follower but will depend upon gravity 
or a spring to return it Cam (a) may be made a positive motion 
cam by cutting a groove in its face parallel to its edge or the same 
result may be obtained by making it in the form of two leaves, 
one extending upward from the center and the other downward, 
each leaf acting on separate but rigidly connected points of the 
f ellower. This last form is known as the "main and return cam ;" 
it is often used for heavy work. 

174. The Follower and its Path. — ^The motion that the follower 
is required to have is the known element in the design of a cam 
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mechanism. The form of the follower and the form of the cam 
which drives it depend upon the required motion. 

A roll follower is shown in Fig. 162. The roller is mounted on 
a hardened steel pin upon which it turns freely. The surface of 
the roller makes contact with the edge of the cam or with a groove 
cut in its urface. The path of the center of the pin is the path 
of the follower; the pin or the piece to which it is connected is, 
in fact, the real follower, the roller being used only to make better 
contact. 

By arranging suitable guides the path of the follower may be 
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made straight or curved or it may be a line either radial or 
eccentric with the center of the cam. Again, one end of the fol- 
lower may be fixed so that the path will be the arc of a circle 
shown at Fig. 162 (6). This is called an oscillating follower. 
Fig. 163 shows a bar follower. The edge of this follower makes 
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contact with the edge of the cam. The bar may be either straight 
or curved and it may be guided so as to have rectilinear trans- 
lation, curvilinear translation or be centered at one end so as to 
have circular motion. 

176. Contact of Followers. — If the 
roller be left oflF, Fig. 162, and the 
cam put in contact with the pin, the 
contact will be pure sliding; with the 
roller in place it will be pure rolling, 
because the point of contact will 
always be located in the line connect- 
ing the center of the cam and the 
center of the roller and consecutive 
points on one will come in contact 
with consecutive points on the other. 

The contact of a bar follower is 
mixed rolling and slidmg, for the 
point of contact always lies on the 

common normal to the contact surfaces and since for pure 
rolling, the point of contact must be located on the line of 
centers; if the contact is not mixed it will remain constantly 
on both lines. That the point of contact does not remain 
simultaneously on both of these lines ig shown by Fig. 164. 




Fig. 164. 
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The cam, in contact with the bar B.t A, turns through some 
angle AOB so that OB takes the position originally occupied 
by OA. During this motion the follower will be pushed upward 
to D and the common normal, carrying with it the point of con- 
tact, will move to the right to some position C, and off of the 
line of centers. 

If CR be laid off to represent the direction and motion of the 
point of contact at the instant when contact is at C\ and CX 
and CY are the common normal and common tangent, then with 
the aid of the parallelogram of motions, the amount of the 

rolling motion is found to be CN 

and the extent of the sliding to 

be CL. 

176. Motion Transmitted by 

^ Cams. — Followers are generally 

C designed so as to have some form 

of reciprocating motion. They 



"y may be arranged to move con- 
[^ tinuously or "their motion may 
be intermittent. In the latter 
case if the follower comes to 
rest while the cam continues to 
move, it is said to have a "dwell." 
A follower may be made to 
move with uniform motion or 
it may have accelerated motion. 
When a follower has uniform motion it is constrained to move 
over equal spaces in equal intervals of time. If the motion is 
accelerated it may be accelerated uniformly or the acceleratibn 
may be varied. Fig 165 illustrates the principle of uniform 
motion and two forms of accelerated motion. 

In sketch (a) let AB represent the linear motion of the cam 
and BC that of its follower. Divide AB and BC into the same 
number of parts and draw parallels and perpendiculars through 
the points of division. These lines will intersect in the points 1', 
2', 3' and the slope of a line drawn through these points will rep- 
resent the relative velocity of the follower at different stages of its 
motion. Since AC is a straight line, the motion is uniform and 
the follower starts and stops at a condition of maximum velocity. 




Fig. 166. 
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In sketch (6), BC is made the diameter of a semicircle which 
is divided into the same number of equal parts as AB. Parallels 
are again drawn intersecting in points 1', 2', 3', 4' and 5'. A 
line drawn from A to C through these points indicates by its 
slope that the motion is relatively slow at the beginning and end 
and at its maximum in the middle. The rate of acceleration is 
here a variable, being a maximum between the points 2 and 3. 
This is in fact simple harmonic motion. 

If the motion be uniformly accelerated, the starting and stop- 
ping of the follower will be more gradual than in the simple har- 
monic motion just described. The acceleration curve is shown 
at Fig. 165 (c) ; it will be more flattened between the points A 
and 6 and between i and C than the previous curve. Its equa- 
tion is of the form y^=Px, a parabola. 

Suppose a follower to start from rest and let 
jS = the space passed over by the follower in equal units of time, 
a ==the acceleration of the follower, 

r=the number of equal units of time since the beginning of 
motion or the number of successive equal angles turned 
through by the cam since the beginning of motion. 

Then: 

The acceleration a may have any convenient value. Suppose 
it to be 2. Then substituting for a and T, we have for the first 
period of motion 

5=1, 
for the second period, 

5=4, 
for the third period, 

S = 9. 

It will be seen that the distances that the follower has moved 
from the position of rest at successive instants, are in the 

series 1-4-9-16 and that the distances passed over in 

each successive period form the series, 1-3-6-7-9 

If 3 be taken as the fixed acceleration these series will become: 

1J-6-13J-24 

and 

lJ-4J-7§-10i respectively 
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The method of laying out this motion is shown in the sketch 
(c), for an acceleration of 2. BC and AB are first divided into 
two parts so that the motion will be first accelerated and then 
retarded. One-half of the time line AB is then divided into any 
convenient number of parts, say 3, and one-half of the space line 

is laidoutinproportion to the series 1-4-9 Parallels 

and perpendiculars to AB are then drawn intersecting in points 
e, / and g; the curve is drawn through these points. 

177. The Cam Curve. — The form of the cam curve which im- 
parts motion to the follower is governed first by what the nature of 
that motion is to be and ^econd by whether the follower is of the 
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bar or roll type. Having determined the type of follower, the 
number of possible motions that it may have is unlimited, but 
the cam curve will always be some modification of the following: 
Let the plate A, Fig. 166 (a), drive the roller from B to B' 
while it rotates through some angle as 180 degrees. Divide BB' 
into any convenient number of parts at 1, 2, 3, etc., then divide 
the arc 180 degrees into the same number of parts, and draw the 

radii OX, OF, OZ, With center at and radius 

equal to 01, 02, . . . OS' mtersectOXat 1', OF at2' 

OZ at B'\ A curve drawn through B, 1' 2' B", \vdll 

be the locus of the center of the follower and the cam curve will 
be parallel to this line and at a distance inside of it equal to the 
radius of the follower. 
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In Fig. 166 (6), let the bar follower move from B to J5' while 
the plate A rotates through a given angle. Find the intersec- 
tions V, 2', B" as before and through these points draw lines 
which make the same angle with the radii OX, OF .... . OZ 
that the bar follower makes with BB^ when the point 1' is at 1, 2' 
at 2, or B" at B\ The outline of the cam will be a curve drawn 
tangent to the lines thus located. 

178. Design of a Plate Cam with Roll Follower for Uniform 
Motion. — Suppose it is required to move the roll follower, Fig. 
167, through the distance AB while the cam rotates through an 
angle of 180 degrees, and then allow it to return to its initial 




position while the cam is completing the balance of its rotation, 
the motion of both the cam and the follower to be uniform. 

Take a radius OP, equal to the shortest radius of the desired 
cam and draw a base circle. Divide this base circle into any con- 
venient number of parts and draw radial lines as shown, through 

01, 02, OX. With a radius equal to OA, intersect 

01 at F, with OD intersect 02 at G and so on until all of the radial 
lines around to X have been intersected, the last intersection, 
with radius OB, falling at K, Draw a curve through the points 
A F G K. This line will be the path of the center of 
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the roller. With radius equal to that of the roller and centers 
at the intersections F, G, etc., set off toward a part of the out- 
line of the roller and then draw the cam outline tangent to the 
roller in its several positions. 

The construction of the part of the cam to the left of the center 
line will be exactly like that just described. 

179. Plate Cam, Bar Follower, Intermittent Motion. — Suppose 
the cam, Fig. 168, is required to drive a horizontal-bar follower 
through a distance PC while the cam turns through an angle 




Fig. 168. 



POH, to hold the bar at rest while it turns through an angle HOK^ 
and to allow its return to the initial position during the move- 
ment KOP. 

Draw the base circle with radius OP and divide the angle POH 
into any convenient number of parts and draw radii. Divide 
the path of the follower into the same number of parts propor- 
tional to those of POH, With radius OA intersect 01 at -B. In 
like manner interest 02 at F, 03 at G and OX at H. Erect 
perpendiculars to the radii through these points and draw a 
curve tangent to them. While the cam revolves through the 
angle POH the follower will move through the distance XH=PC. 
The follower is to dwell at C while the cam turns through the 
angle HOK, HK is therefore an arc of a circle with radius OH. 
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During angular motion KOP the follower is returned by gravity 
or by a spring to its initial position, points on the curve KP being 
found as described for PH, 

180. Cylindrical Cam, Roll Follower Hinged, Simple Harmonic 
Motion. — Fig. 169 is a cylindrical cam with vertical projection 
as shown. Let it be required to lay out upon this cylinder a cam 
groove which will drive a roll follower, hinged at Q, up and down 
through the angle a as the cylinder revolves. 

Divide the semi-circumference about into any convenient 
number of equal parts and draw parallel lines through the points 
1', 2', 3', , thus found. Lay off at S a semicircle 
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having a diameter TR, equal to the travel of the center of the 
roller. Divide this semitjircle into the same number of parts 
as the semicircle about and draw through the points of division 
another set of parallel lines intersecting the first set in the points 
AjB,C, D, E. Then draw the center line of the groove through 
these points and the points R and T\ 

Since the center of the roller will move in the arc of a circle 
drawn from Q, points on the true path of its center must be 
offset from the intersections found, by the amount that this arc 
deviates from a straight line. Thus, the offset from the point B 
will be BB\ equal to N. 

The sides of the groove will be drawn parallel to the center 
line, and at a distance from it equal to the radius of the roller. 
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The depth of the groove will depend upon the thickness of the 
roller. 

This cam will drive the follower positively in both directions. 
With the motion of the cylinder in the direction shown by the 
arrow, the follower will move from C to L and return again to L, 
during the first half of a rotation and during the second half 
it will move from C to X and return. 

181. Parabolic, or High-Speed Cam.— Let 0, Fig. 170, be the 
center of a plate cam which is to drive a hinged bar follower up- 
ward, through an angle of 15 degrees, while the cam rotates 
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through 180 degrees, follower to return to its initial position 
during the last half of the cam's rotation. 

Divide the distance PA into two equal parts, also divide the 
semicircle about into two equal arcs. Sub-divide each of 
these arcs into any convenient number of parts, as three, and 
draw the radii 01, 02 and 03. Divide PD, the half travel of the 
follower, into the square of the number of divisions on the quad- 
rant P3. Then with radius OB = (OP+V) cut 01 at B\ With 
radius OC equal to {OP +2^) cut 02 at C. With radius OD 
equal to (OP +3*) cut 03 at D'. Divide DA also into nine equal 
parts and with radius OA cut OR at A', with radius [OA — V] cut 
01' at F', with radius [OA -2^] cut 02' at E. Through the point 
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B' draw a line making the same angle with the radius that the 
follower in the position QB makes with OA. Through C draw 
similarly, a line making the angle OCQ with the radius, and so on 
for all the points. Draw a curve tangent to all these lines. Then 
the follower will move upward with uniformly accelerated motion 
to D and with uniformly retarded motion from D to A. The 
other half of the cam will be constructed in exactly the same way 
and the follower will start downward with uniformly accelerated 
motion and gradually come to its starting point with uniformly 
retarded motion. 

182. The Yoke Cam. — Fig. 171 represents a cam having 
virtually two followers which always remain a fixed distance 
apart. The curves AB and CD are found by plotting the move- 
ments of the cam and follower by any of the methods described 
according to the form of the motion required. 
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With the cam rotating as shown by the arrow, while contact is 
on the curve BA , the follower is pushed to the left by the distance 
OB-OA. While contact is between B and D the follower has a 
dwell, BD being the arc of a circle drawn from the center 0. 
While contact is between D and C, the follower is pushed back to 
its initial position and dwells there while contact is between C and 
A, CA being also the arc of a circle drawn from the center 0. 

All straight lines which pass through the center and cut the 
cam in two points are the same length hence the cam is always in 
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contact with the follower in two points. The follower may be 
made in the from of a double bar as shown or it may be made 
with two rollers mounted a fixed distance apart. In the first 
case it is called a '* constant breadth cam '' and in the latter a " con- 
stant diameter cam." 

. This cam is sometines made with three circular arcs drawn from 
points DyBand E. It has been applied to driving certain kinds 
of valve gears. 

183. Wheel Cams. — Cams are sometimes designed to drive a 
follower by means of a strip of metal fastened to the surface of a 
rotating wheel. This form of construction is frequent in auto- 
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matic screw machinery. Fig. 172 (a) is a side view of a cam wheel, 
and (6) is the development of the same. These strips can be so 
formed as to give any desired form of motion to the follower. 
The principle is the same as that of a cylindrical cam, the 
difference being in the method of construction. The angle a 
ought not to exceed 30 degrees otherwise the friction becomes 
to gieat for satisfactory action. 

184. Cam Time Tables. — In designing automatic machinery 
where a large number of similar or successive operations are re- 
quired, it is convenient to refer the time at which the different cams 
begin and end their movements, to a common starting-point. 
These movements can then be plotted in the form of curves as 
shown by Fig. 173. The length AB represents one complete cycle of 
operations of the machine and may mean one or more revolutions. 
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A C represents the maximum travel of any follower. The zero point 
for starting all followers is referred to the left-hand line of the chart, 
the actual starting-point for a given follower is denoted by some 
vertical line as FG, and the distance of this line from the origin 
represents the angle of advance of the corresponding cam. 

Suppose a simple case of a machine with three cams which oper- 
ate as follows. The first follower starts when machine is in posi- 
tion, moves 3 in. while its cam moves 120 degrees, rests while cam 
moves 120 and returns to original position while cam moves last 
120 degrees, simple harmonic motion. Second follower starts 
when first cam has completed 120 degrees, moves 2^ in. while cam 



c 


o* 


/2K>* AScT 24(f 


Sod" 


sei 


^>d 


G 


#/ 


^ 


< 




» 
■^K 


^ 


/ 


r 


/ 


i 


E 








B 



Fig. 173. 



moves 180 degrees and then returns to original position while cam 
revolves through last 180 degrees, motion parabolic. Third 
cam starts when machine has completed half of one revolu- 
tion and drives the follower 4 in. in first half of its motion and 
returns it to original position during last half. Motion uniform. 

The chart for these cams would be laid out as shown. The curve 
for No. 1 begins at A and from degrees to 120 degrees is a curve 
of simple harmonic motion, as already explained. From 120 
degrees to 240 degrees the follower stands still, as represented 
by the straight line. From 240 degrees to 360 degrees the curve 
again represents simple harmonic motion. In No. 2 the par- 
abolic curve starts at F and reaches its maximum height at D 
and then reverses to the starting-point. The distance AF repre- 
sents the advance of this cam. 

No. 3 starts at U and its motion is represented by two straight 
lines CE and EH. 
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184. Slider Blocks. Oldhams' Coupling. — Circular and ellip- 
tical motion may be transmitted by sliding contact by means of a 
block sliding in a groove, either element being the driver. 

The Oldhams' coupling, Fig 174, transmits circular motion be- 
tween axes which are parallel but not in the same straight line. 

The coupling as shown is made up of three flat disks, two of 
which are rigidly .fastened to the ends of the connected shafts, and 
having diametral grooves cut across their faces. The third disk 
has a projection or bar on each face, the two bars forming a cross 
with the arms at right angles. These bars fit the grooves of the 
other disks. 




While the driving disk makes one revolution its bar and groove 
will slide on each other a distance equal to twice the distance be- 
tween the axes and the following bar and groove will have a similar 
relative motion. In the diagram (c), the centers of the disks are 
at and Q, and for the position of the coupling shown, the center 
lines of the bars are at AB and CD, crossing each other at Q, If 
the disk Q, be turned through any angle the center of the cross will 
move to some new position P. For every position of this center, 
we have the triangle OPQ in which the side OQ is constant and 
OPQ is a right angle. Therefore, by geometry, the locus of the 
center of the cross is the small circle whose diameter is equal to 
the distance between the axes. 

While the center of the cross is moving from Q to P a point on 
the rim of the disk moves from C to some point C\ The center line 
of the bar for this new position is drawn through C and Q and the 
center line of the follower disk is drawn through and perpen- 
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dicularto CD'. Evidently the angle CQC is equal to the 
angle AOA'\ therefore the angular velocity of both disks is the 
same. 

186. Elliptical Paths. — ^Let the grooves Fig. 175 be made to 
intersect at right angles and a bar PCDy be mounted on pins that 
slide freely in the grooves. Then if C be made to slide once 
across and back again in the horizontal groove, while D does the 
same in the vertical groove, the point P will move in an elliptical 
path. Because if PD be assumed equal to half the major axis 
of some ellipse and PC equal to half the minor axis of the same 
ellipse then from the figure; 




Fig. 175. 



PM 
PD 



= sm a 



and 



PN 

~pp = Cos a 



then by squaring and adding these terms 






+Cos«a=l 



This is the equation of an ellipse when PM and PN are the co- 
ordinates of any point P. 

The above principle is made use of in turning or boring 
elliptical pieces of machinery, the apparatus being shown in Fig. 
176. A represents the head stock of a lathe, having fastened 
to the spindle S a face plate B, This face plate has two dove- 
tailed grooves, XX' and YY' at right angles across its back. 
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The attachment between the spindle and the face plate is made 
by means of a block which slides in the groove XX\ The center 
of the plate is at 0, the intersection of the center lines of the 
grooves. An annular ring R with center at D is fastened to the 
headstock by lugs which are bolted to the slotted lugs EE'. 
On the outside of this ring is a slip ring M having lugs which fit 
into the groove YY' on the back of the face plate. The action 
is as follows: The center of the spindle corresponds to C 
of Fig. 175, and D, the center of the rings, corresponds to the 
point D of Fig. 175. The spindle S passes through the annular 
ring and drives the face plate by means of the sliding block in 




Fig. 176. 

the groove XX'. The face plate acting on the lugs of the slip 
ring cause it to turn with an eccentric motion with respect to the 
center of S. 

The result is, and D being stationary, that the face plate 
has a reciprocating motion in two directions, one motion tend- 
ing to slide the center line of groove XX' on point D, the other 
to slide YY' with respect to 0. The resultant of these two mo- 
tions gives an elliptical path to any point on the face plate. 

PROBLEMS 



1. An 8-pitch screw makes 24 r.p.m. What is the axial velocity of the 
nut? 

2. Explain the difterence between a single and double thread. 

E 2 

3. Suppose CD in Fig. 160 makes 30 r.p.m. and the velocity ratio >> =o 
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E 10 
while that of i^ = -y-. If iV is a 16-pitch screw, what will be the direction and 

speed of the screw if CD rotates as shown. 

4. Which way should the nuts on a wagon wheel be turned to screw them 
on, clockwise or the reverse ? Explain . 

5. Prove that the contact between a plate cam and a bar follower is mixed 
rolling and sliding. 

6. Lay out a plate cam to drive a bar follower 2 in. vertically upward 
while the cam revolves 180 degrees. Motion uniform. Base circle of cam 
4 in. in diameter. 

7. Lay out a cylindrical cam 4 in. in diameter to drive a } in. roll follower 
in a line parallel to the cam axis, a distance of 3 in. while the cam makes a 
complete revolution. Motion of follower to be simple harmonic motion. 

8. Lay out a plate cam that will drive a hinged roll follower 1 inch in 
diameter positively in either direction, through an angle of 30 degrees. 
Length of roller arm 6 in. Roll advances while cam moves 120 degrees, 
rests for 120 degrees, returns during last 120 degrees of motion. Cam to be 
suitable for a high speed. 

9. A yoke cam is required to draw the wedges beneath the seats of a rail- 
road drawbridge. The throw of the cam is to be 12 in. and its motion uni- 
form. The operation of opening the bridge is as follows: The total time 
required to turn the bridge from drawing to reseating the wedges is six 
minutes. The rail locks are first operated, requiring fifteen seconds, then 
the wedges are drawn in thirty seconds. The follower is required to dwell 
while the rail locks are being operated and the cam to rest while the bridge 
is turning. Lay out the cam. 

10. Lay out a time table for the bridge above, the cam to stop every time 
in such a position that the wedges will start as soon as the cam begins to 
rotate. 
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DIRECT CONTACT. ROLLING AND SLIDING MOTION 

SPUR GEARS 

187. A Gear is a wheel having on its rim projections which are 
called cogs or teeth. The teeth are so made as to interlock 
with similar teeth on a mating wheel and transmit motion from 
one to the other. In action, the sides of the teeth on one of the 
wheels press against those of the other with a rolling and slid- 
ing contact and the relative motion of the two wheels is precisely 
like that of the friction wheels shown in Fig. 127, Art. 138. 

A pinion is a gear having a small number of teeth. 

188. Classification of Gears. — There are so many different 
kinds of gears that an accurate and complete classification is 
nearly impossible. They may be classified according to the 
shape of the wheels or according to the form of the teeth, or they 
may be classified as in this chapter according to the position of 
the axes. These classes are subdivided as follows: 



Axes parallel. 



Axes at an angle 
same plane. 



in 



Axes in parallel planes. 






Spur gears. 
Annular gears. 
Elliptical gears. 
Chain gears. 
Pin gears. 
Twisted gears. 
Irregular gears. 
Bevel gears. 
Elliptical gears. 
Face gears. 
Helical gears. 
Worm gears. 
Skew gears. 



Pitch surfaces cylinders. 



Pitch surfaces irregular. 
Pitch surfaces cones. 

Pitch surfaces cylinders. 
Pitch surfaces hyperboloids. 



189. Spur Gears. — A spur gear is a cylindrical wheel having 
teeth placed radially around the rim, the elements of the teeth 
being parallel to the axis of the wheel, Fig. 177. 

If the whole of the tooth is made to project beyond the rim as 
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shown at Fig. 178 (a), the mating gear will have notches cut in- 
side the rim in which the teeth of the first gear can act. This is 
the simplest form of the spur gear but it is open to the objection 
that only one of the gears can be used as the driver and contact 



Pig. 177. 

between the teeth takes place only on one side of the vertical 
center line. The usual form of construction is shown at Fig. 
178 (b) where both gears of a pair are made with projections 
around the rims and spaces inside the rims into which the 




opposing teeth act. These gears are interchangeable and 

contact takes place on both sides of the vertical center line. 

Gears that are required to run in one direction only may be 

made aa shown at Fig. 178 (c). This is called the buttressed 
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tooth. The form is suitable where a great pressure is put upon 
the tooth and always in the 3ame direction. 

Spur gears are the simplest of all the gear forms and the easiest 
to make. When carefully constructed they run quietly and with 
good efficiency but if badly made they cause trouble from friction, 
noise and lost motion. 

190. Tooth Curves. — Spur gear teeth are studied on a plane 
of reference which is taken perpendicular to the axes of the gear. 
The outlines of the gear teeth as seen on this reference plane 
are curves which depend for their form on the prescribed line of 
action. The line of action being the locus of the point of con- 
tact between the sections of a pair of teeth. 

Spur tooth curves are formed geometrically by rolling a de- 
scribing line or directrix on another line called a director. In 
order that two mating gears may have the correct relative motion 
these rolled curves must have the following properties: 

Any pair of tooth curves which act in contact miLst have the same 
directrix and this directrix will be the locus of the point of contact 
between the tooth curves j i.e., their line of action. 

The common normals to a pair of tooth curves must be arranged 
in consecutive order without crossing each other and they must all 
m£et in a common point on the line connecting the centers of the 
pitch circles. This is called the pitch point. 

An indefinite number of pairs of curves can be found which will 
fulfil these conditions but only two regular curves the involute 
and the cydoidal have been used to any extent for forming spur 
tooth outlines. 

191. Influence of the Line of Action. — Fig. 179 shows the rela- 
tion between various tooth curves and their lines of action. The 
tooth sections shown are those of a rack, and if the latter be re- 
garded as a gear having an infinite number of teeth, whatever 
is true of these sections is true of every gear in the system. 

If a straight line be taken for the side of the rack tooth as at 
(a) the line of action will be a straight line perpendicular to the 
side of the tooth and all teeth having a straight line of action 
belong to the involute system. 

At (6) cycloidal curves are taken for the outlines of the rack 
tooth, the lines of action are circles and all gear teeth having 
circles for their lines of action belong to the cydoidal system. 
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If arcs of circles be selected as the outlines of the rack tooth the 
lines of action will form a loop, part of which is shown at (c). 
This loop is the conchoid and the teeth are segmental. 

At (d) a section of a parabola is taken for the rack tooth, the 




Fig. 179. 

line of action is a double loop or "hour glass" curve and the teeth 
are defined as parabolic, 

192. Elements of a Spur Gear. — ^Let Fig. 180 represent the 



d^dendum C/rc/a 




section of a pinion on a plane perpendicular to the axis. The 
pinion is shown in contact with a gear on one side and a rack on 
the other. AB is called the pitch circle or the "pitch line." 
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This circle is tangent to the pitch circle of the gear and to the 
pitch line of the rack and corresponds to the periphery of a friction 
wheel. The teeth of the pinion extend within the pitch lines of 
both the gear and the rack and these in turn extend within the 
pitch circle of the pinion. 

The diameter of a gear is understood to be the diameter of the 
pitch circle. 

The outer ends of the teeth are limited by the addendum circle 
and the diameter of this circle is called the outside diameter of 
the gear. The circle at the base of the teeth is called the deden- 
dum circle. 

The circular pitch is the distance PRj measured on the pitch 
line, from one tooth to a corresponding point on the next one. 
This distance is the same in pinion gear and rack. 

193. Parts of a Gear Tooth — (Fig. 181.) The addendum of a 
gear tooth is the part that lies outside of the pitch circle. 




Fig. 181. 

The dedendum is the part of a tooth between the pitch circle 
and the root circle. 

The face of a tooth is the curved surface between the pitch line 
and addendum line, Fig. 181, AB. CD is the back face. 

The flank is the curved surface between the pitch and deden- 
dum lines. 

Clearance is the space between the addendum circle of one gear 
and the dedendum or root circle on its mate. 

Backlash is the difference between the width of a tooth and 
space. It is necessary in cast gears because of irregularities. It 
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causes lost motion when gears are reversed in direction and ought 
not be necessary in cut gears. 

The root of a tooth is the part which joins the rim of the gear. 
It should be rounded off with a small radius or fillet. 

The working depth of a tooth is the addendum plus the 
dedendum. The whole depth is equal to the working depth plus 
the clearance. 

194. Pitch; as used in the mechanical sense, means the distance 
between corresponding points in a series of cogs or teeth. Much 
confusion has resulted from using the same word to express three 
different ideas. 

(a) Circular Pitch. — If the circumference of a pitch circle be 
divided into as many parts as there are teeth on the gear, the 
length of each part is the circular pitch. It is a definite distance 
usually expressed in inches or fractions thereof. For example, 
if the circumference of a pitch circle is 40 in. and the gear has 
twenty teeth, the cicular pitch or the distance from one tooth to 
the next, measured on the arc, is 2 in. and each arc of 2 in. will 
contain one tooth and one space. 

(6) Diameter Pitch or Module. — If the diameter of a pitch 
circle be divided into as many parts as there are teeth on the 
gear, each part is a diameter pitch or module. The module is 
also a definite distance and bears the same relation to the diameter 
of the pitch circle as the circular pitch does to the circumference. 
Thus if a gear is 10 in. in* diameter and has 20 teeth, the module 
is } in. 

(c) Diametial Pitch, or Pitch Number. — If the number of teeth 
on a gear be divided by the number of inches in the pitch diam- 
eter, the quotient will be the diametral pitch. This is not 
a concrete number, it is the ratio of the number of teeth on a 
gear to the number of inches in its pitch diameter. Thus if a 
two-pitch gear has twenty teeth, it will be 10 in. in diameter, 
and conversely, if a gear having twenty teeth is 10 in, in 
diameter it must be a two pitch-gear. This diametral pitch 
is the reciprocal of the module. 

The relation between the diametral pitch and the circular pitch 
is expressed by the formula, 

PP' = 7: 

where P is the circular and P' the diametral pitch. 
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The diametral pitch as used here is properly a pitch number, the 
module should be called the diametral pitch. The inversion of 
these terms in American practice is somewhat confusing but 
the definitions as given above accept the conditions as they 
exist. 

196. Conjugate Teeth. — Any two curves, regardless of their 
form, may be used for tooth outlines provided they fulfil the 
conditions of Art. 190. Two teeth which will roll together prop- 
erly are called conjugates. If the outline of one of a pair of 

conjugates is known the other may be 
found by the following process: 

A and B, Fig. 182, are two boards 
whose edges are arcs of given pitch 
circles. Fasten to them a thin, fiexible 
band, LM, so that they will roll in con- 
tact without slipping. Make a sheet 
metal templet, C, of the existing tooth 
j^ and fasten it to B with its under sur- 
face raised a little above the boards, 
and having the pitch point of the 
tooth exactly over the edge. Fasten 
to A another piece of metal, Z), in 
such, a manner that it can slide un- 
derneath C as the boards rotate. 
Hold the edges in contact and roll 
one on the other. Trace on Z> in a number of positions the 
tooth outline C. A curve FG which is tangent to all these suc- 
cessive positions will be the outline of the required tooth. 

196. Designing and making Gear Teeth. — Two methods of 
forming a correct tooth outline are possible: 

(a) Roll out the tooth curve using the line of action as direc- 
trix, make a templet to fit the rolled curve and shape the teeth 
to the templet. 

(b) Select a rack tooth as explained in Art. 191 and use this 
rack tooth as a cutter to form the teeth of the gear. 

Gear teeth are made by: 

(1) Casting. 

(2) Milling. 

(3) The linear planing process. 




Fig. 182. 
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(4) The bobbing process. 

(5) The moulding planing process. 

Cast teeth are first laid out on paper by describing the tooth 
curves geometrically. From the drawing a templet is made, 
usually of wood, and this templet may then be used as a pattern 
to form the tooth by the ordinary sand moulding process. 

Milled gears are made by cutting out the spaces between the 
teeth with a circular cutter. The cutter, Fig 183 (a), is first 
ground to the correct tooth shape which is found geometrically. 
Theoretically, a different cutter must be used for every different 
diameter and pitch of gear, but this would necessitate so many 
cutters, that those of a given pitch are generally used to cut 



gears of diameters that range between certain limits. Brown and 
Sharpe cany in stock eight involute cutters for each pitch, the 
first one can be used on anything from a rack to a gear of 135 
teeth, and so on down to the eighth which will cut a gear of 
twelve or thirteen teeth. These cutters are not quite right for 
gears at the lower or upper limit but they are sufficiently accurate 
for practical purposes. 

By the planing process the teeth are formed by planing out the 
spaces between them with a tool which has a reciprocating motion. 
The tool is guided by a templet havii^ an outline like that of the 
tooth being cut. The outline of the templet may be found as 
in the two previous cases. 

In the bobbing process a circular cutter or hob, Fig. 183 (b), is 
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first made with an axial croes-sectiou like that of a rack of the 
system. Slots are milled len^hwise in this cutter to fonn cuttii^ 
edges. Hob and gear blank are then mounted together on a 
machine so that both can be rotated on their axes and at the 
eame time their axes brought gradually together. In this way 
the hob is made to generate the teeth, action between the gear 
and the hob being precisely like that of a gear and rack of the 
system. 

If we imagine a pinion of hardened steel and a gear of some 
plastic material and if these be rotated at the proper speed ratio 
and at the same time their axes be brought gradually together, 




the pinion will form teeth, on the gear, of correct shape to mesh 
with it. The materials of a gear being too hard to be moulded 
in this way, a tool corresponding to the pinion is made with 
cutting edges and given at the same time a reciprocating and s 
rotary motion so that the material between the teeth is planed 
out. The action between the cutter and gear is precisely like 
that of the completed gear and pinion. This is known aa the 
moulding planing process. 

197. Standard Gear Teeth.— The pitch diameters of gears 
are determined by the distance lietween the axes to be connected 
and their relative speeds. The pitch of gears is determined by 
the load or force to be transmitted. The coarser the pitch is 
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made the stronger the teeth will be, as shown by Fig. 184 where 
the teeth are drawn actual size. Formulas which give the rela- 
tion between the pitch and the force to be transmitted can be 
found in the text-books on machine design. The following for- 
mulas give dimensions of standard gears. 

Let P = diametral pitch. 
Pc = circular pitch. 
A = Addendum of tooth. 
D = Dedendum of tooth. 
T = Thickness of tooth. 
N = Number of teeth. 
Dp = Pitch diameter in inches. 
Do = Outside diameter in inches. 
C = Clearance. 
F = Fillet. 
S = Circumference. 

Then(a)Pc=^ 

N 

(b) p-i 

(d) A=^ 

(e) C = Ia 

(f) D = A+C 

S 



(g) r= 



2N 



(h) Do=Dp+2A. 

The radius of the fillet may be made equal to one-sixth or one- 
seventh of the space between the teeth, measured on the adden- 
dum line. 

The amount of back lash depends upon the nature of the 
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work. In rough gears it is sometimes equal to an eighth of an 
inch or even more. 

198. Stub Teeth. — The standard tooth of Art. 197, was origin- 
ally made of wood. To make the tooth contact continuous, long 
arcs of approach and recess were necessary because of the flexibility 
of the teeth and of the supports. The greater stiffness of metal 
gears and supports would indicate that the standard tooth is 
unnecessarily long, particularly as the tendency of long teeth is 
to decrease the efficiency of the gears: (a) By increasing the 
contact at the ends of the arc of approach and recess where the 
friction is greatest; (b) by throwing excessive pressure against 




Fig. 185. 



the bearings due to the obliquity; (c) by increasing the number of 
teeth that are in contact at one time. The long teeth of the old 
standard are also harder and more expensive to make than teeth 
need to be. 

In spite of some obvious disadvantages the standard tooth has 
many advocates and the most suitable dimensions of a tooth for 
general purposes is an open question. Undoubtedly there should 
be but one standard so that all teeth of the same pitch would be 
interchangeable. The shortened or stub tooth is shown in com- 
parison with the standard tooth in Fig. 185. It is made with 
obliquities of both 14^ and 20 degrees and with the following 
dimensions: 

Addendum, -^—n — 
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Dedendum, -^—p — 
Working depth, -^-p — 

Whole depth, -^—p — 

0.157 
Clearance, — p— 

where P is the diametral pitch. 

199. Involute Teeth. — The simplest and in many respects the 
best form of gear tooth, and the one that is now most commonly 
used, is the involute. 

Theoretically, the involute is the curve traced by the pole of a 
logarithmic spiral when the latter is rolled on the pitch circle of a 
gear. Since the logarithmic spiral has an infinite number of 
convolutions about its pole, the latter can never be made to reach 
the pitch circle exactly, hence the construction of the involute 
by this method is a practical impossibility, even an approximate 
construction being a laborious process. An involute may also 
be generated by a point in a straight line when the line is rolled 
on a circle. It happens to be a peculiar property of the involute 
that it will work satisfactorily as a tooth curve when generated 
by this method on a circle and (located within the pitch circle) 
called the base circle of the gear. 

The larger the base circle, the nearer the involute approaches 
a straight line and for a circle of infinite radius it becomes a 
straight line. Hence the sides of involute rack teeth are straight 
and perpendicular to the pressure line of the mating gear. 

In generating involute teeth automatically the cutter is made 
in the form of a rack, the sides of the rack teeth being straight 
they are easily and accurately produced. As the rack is a gear 
with an infinite number of teeth every gear generated will work 
with it and with each other. 

The involute tooth has the advantages of simplicity of form 
and construction. It will work with another tooth when their 
pitch points are not accurately adjusted, also the pressure at 
the bearings of the gear is constant in direction. Its principal 
disadvantage is interference which sometimes makes it necessary 
to modify the tooth. 
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200. Derivation of the Involute.— Let and 0', Fig. 186, be 
the centers of two disks, A and B, which are connected by a 
flexible band FG. If the disks are made to rotate on their axes 
in the direction shown by the arrows, the band will be unwound 
from disk B and wound up on A. 

Imagine a marking point fixed to the band and moving in the 
line FG as the disks revolve. The point will move outward from 
F, tracing the curve FzR on an extension of disk B, at the same 
time it will move inward on A from some point L, tracing the 
curve LG. 




Fig. 186. 



QS and MN correspond to the base circles in a pair of involute 
spur gears. P, the intersection of the band with the line of 
centers, is the pitch point. The pitch circles will pass through 
this point. 

Uj and FJS, are involutes of the base circles QS and MN and 
are the curves which form the outlines of involute gear teeth. 

The base circles are always tangent to FG, hence their size is 
determined by the angle that this line makes with the tangent 
to the pitch circles. This angle is called the obliquity. 

With a given pair of pitch circles an indefinite number of pairs 
of base circles may be drawn by changing the slope of the line FG. 

The velocity ratio of the base circles is the same as that of the 
pitch circles within which they are drawn. 
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201. To Construct an Involute Curve.— Let 0, Fig. 187, be the 
center of a base circle an involute of which is to be found. Lay- 
off on the circumference of the base circle the arcs P— 1, 1 — 2, 
2—3, etc., equal or unequal and of any convenient length. Draw 
radii and tangents to the circle at these points. On the tangent 
perpendicular to — 1, rectify the arc P— 1, locating the point A. 
On the next tangent rectify the arc P— 2 locating the point B. 
Proceed the same with each tangent locating as many points as 
may be desired. A smooth curve drawn through the points 
Pf A, B, C, will be the required involute. The accuracy of the 




work will be increased by taking the points P, 1, 2, 3, close 
together. Only that portion of the involute will be used which 
lies between the base and addendum circles of the gear. 

202. Obliquity and Angle of Contact.— In Fig. 188 let and 0' 
be the centers of two-pitch circles LS and MN which are in 
contact at P. Through P draw the tangent TT' and then draw 
FPG making a given angle with TT\ Tangent to FG draw the 
base circles AB and CD, Suppose to be the driving axis and 
the direction of motion as shown by the arrows. 

FG is in this case the locus of the point of contact between any 
pair of teeth, or if the direction of rotation be reversed the line 
will take the position G'PF'. The pressure between the teeth 
acts constantly in the direction of this line which is called the 
"line of pressure," or the "line of action." 

FPT and GPT' are the angles of obliquity. These angles are 
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equal and constant for involute gears their v^ues being either 15 
or 20 degrees as commercially made. The 15 degree angle is 
sometimes modified to 14^ degrees for convenience in making 
calculations because the sine of the latter angle happens to be 
the convenient decimal 0.25. 

If the addendum of the teeth is known the addendum circles 
may be drawn from the centers and 0'. These addendum 
circles will cut the line of action in points as J and K and JPK 
will be the " path of contact." PJ is the arc along which the point 
of contact moves in approaching the line of centers and PK is 



the arc along which it moves in receding from the line of centers. 
These two arcs are called the arcs of approach and recess and 
the angles POJ and PO'K are the corresponding angles of 
approach and recess. 

The angles of approach and recess should be greater than 
the angles of obliquity and the addendum lines should either pass 
through the points F and G or cut the line of action between 
F or G and the point P. 

If the teeth shown be supposed consecutive, POJ+PO'K will 
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be approximately equal to the pitch angle. If the pitch angle is 
made greater than the sum of the migles of approach and recess, 
the pair of teeth on the right of the line of centers will cease 
contact before the pair on the left begin contact. The result 
will be an intermittent motion of the follower with a variation 
in the velocity ratio. In practice the angle of contact is made 
from one to one and one-half times as large as the pitch angle. 
The arcs subtended by these angles on the pitch lines will, of 
course, have the same relation. 

203. Interference. — In Fig. 189 A and B are teeth of an in- 
volute pinion; C is the tooth of a rack and Z> that of a gear that 
mates with the pinion. P is the pitch point and J J' and KK' 
are the lines of pressure. F and G are the points of tangency 
between the base circles and the pressiu'e lines. 
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F and G are called the limit points. All contact between the 
teeth is on the hne FPG^ hence there can be no useful contact 
inside the base lines. A space must be cut out, however, below 
the base lines to allow the teeth to pass each other. It is cus- 
tomary to make the sides of the gear and pinion teeth inside the 
base circle radial straight lines. 

When the addendum line of the rack tooth C or the gear tooth 
Z) intersects the line of pressure between P and F there will be 
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no interference between the teeth. In the figure the rack adden- 
dum cuts the line of pressure at M and from M ioF there will be 
interference between the face of the rack tooth and the flank of 
the pinion tooth, the latter being cut away as shown. To avoid 
this interference the rack tooth should be cut oflE on the line 
through the interference point. 

The addendum line of the gear tooth cuts the line of pressure 
at R and from RtoF there will be interference between the flank 
of the pinion tooth and the face of the gear tooth. To the right 
of P the addendum line of the pinion tooth B cuts the line of pres- 
sure at N and from G to N there will be interference between the 
face of the pinion tooth and the flank of the gear tooth, the latter 
being cut away as shown. This interference is corrected by 
changing the face curves so as to make the points of the teeth 
narrower. 

204. Least Involute Pinion. — By Art. 202 the arc of action 
should never be less than the pitch arc. The angle of obliquity 
is generally 15 and never more than 22J degrees. With these 
conditions fixed, there is a certain minimum number of teeth 
that a pinion may have below which it will fail to work with an 
involute gear. 

Fig. 190 shows the limiting case in which the line of allowable 
contact, FP+PG equals the pitch arc FD. The angle of obliquity 
GPT is supposed to have the maximum allowable value. Now if 
the number of teeth be decreased the points F and G will fall 
so close to P that the line FG will be shorter than the pitch arc. 
Hence the gears will fail to work. 

The construction shown is that of a pair of 12-tooth pinions 
with standard teeth. It will be noticed that the points M and N, 
which are the theoretical limits of contact, are outside the inter- 
ference points f andG, hence these teeth will need to be corrected 
for interference. 

It follows from this discussion that a pair of 12-tooth pinions 
are about the smallest that can be made to work together. This 
pinion is therefore called the base of a set of standard interchange- 
able involute gears. Every gear in the set must have its teeth 
corrected so that contact will not take place beyond the interfer- 
ence point of this pinion. 

If stub teeth be used, the addenda being shorter, the inter- 
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sections M and N will be nearer to F and G and less correction 
for interference will be required. 

If the obliquity be increased beyond the allowable limit for 
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standard teeth, the number of teeth in a pair of mating pinions 
can be reduced to five. The teeth of these pinions will come to a 
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Fig. 191. 

point on the line of contact inside the interference point. Five- 
tooth pinions are then the smallest that can be made to work 
together with any obliquity. A four-tooth pinion will work with 
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five or any greater number; a three- tooth pinion will work with 
any number greater than fourteen or with an annular gear of 
any number above three. Pinions of less than three teeth will 
not work at all on lines of action in the same plane. 

If, however, the teeth be placed in parallel planes instead of 
in the same plane a two-leaved pinion can be made to drive a 
wheel or rack, the arrangement being shown in Fig. 191. These 
pinions are generally made with cycloidal teeth the mating gear 
teeth being radial straight Knes as shown; this is, however, not 
necessarily the case for the pinions can be made just as well 
with involute teeth. The angle of obliquity is large and as the 
driver has only faces and the follower only flanks contact takes 
place only on the arc of recess. 

206. Laws of Contact For Involute Teeth. — Involute teeth 
may be used either on external or internal gears, the axes rotating 
either in the same or opposite directions. 

For a given pair of base circles the line FG, Fig. 188, always 
intersects the Kne of centers in a fixed point as P. Hence, the 
velocity ratio is constant. Now if the distance between the cen- 
ters of these base circles be made either greater or less, FG will 
still intersect the center line in a fixed point and the velocity 
ratio will remain unchanged. This is one of the chief advantages 
of involute gears, viz., that within certain limits the velocity ratio 
is not affected when the gears are not properly adjusted. 

Suppose the point of contact to move from J to K, along the 
line FG. Then it will be located on the line of centers only at 
the instant of passing P. From the condition of pure rolling 
contact it follows that the action is pure rolling at this instant 
only. To the right or left of this point the contact is mixed roll- 
ing and sUding. 

The line FG is always normal to the tooth curves and as this 
line seldom makes a greater angle than 20 degrees, with the 
tangent to the pitch circles, it cannot pass through either of the 
centers or 0', the teeth will therefore drive each other positively. 

206. Involute Gear and Pinion. — Suppose it is required to lay 
out a three-pitch involute gear, having 30 teeth; to mesh with a 

pinion of 24 teeth. 

30 
The pitch diameter of the gear will be ^ = 10 in. and the pitch 
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24 
diameter of the pinion ~d" = 8 in. Draw the center line 00\ 

Fig. 192, and locate the centers of gear and pinion 9 in. apart. 
Draw the pitch circles LS and MN and the tangent TT'. Lay 
off GPF making an angle of 14 J degrees with TT' and then draw 
in the base circles AB and CD. The tooth outlines will be 
involutes of these circles, and the velocity ratio of the gears will 
be to each other inversely as their radii. The diameter pitch 




Fig. 192. 

being 3, the circular pitch will be -^-« — = 1.047, and, assuming 

that the teeth and spaces are to have the same width, the thick- 
ness of the teeth will equal .523. These can now be laid off on 
both pitch circles. (Notice that the teeth are spaced oflf on the 
pitch and not on the hose circles.) 

If the teeth are of standard length, the addendum will be « = 

0.33 
0.33 in. and the dedendimi will be 0.33 plus — g- = 0.37, about, 
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for both gears. Draw in the addendum and dedendum circles. 
On AB and CD construct involutes by the method of Art. 201. 
Take a piece of thin wood or stiff cardboard a little longer than the 
radius MN and form upon it a templet of the part of the involute 
between the base and addendum circles. Fasten the templet 
at and rotate it, drawing the curve through every other 
division point on the pitch circle, thus forming one side of the 
teeth. Turn the templet over, rotate it in the opposite direction 
and draw in the other side of the teeth. Construct a new 
templet and repeat this process for the pinion LS. 

As no involute action is supposed to take place inside of the 
base circles, the spaces inside of these lines are simply notches 
cut to prevent interference with the faces of the opposing 
teeth. The sides of these spaces are radial straight lines. The 
fillets are standard size, drawn tangent to the dedendum circle 
and the radial flanks of the teeth. 

207. Involute Rack and Pinion. — ^Let 0, Fig. 193, be the center 
of a pinion which is to drive the rack A in the direction indicated. 
Suppose the pinion has 17 teeth, of 2J pitch, then its diam- 
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eter will equal 17 -r- 2.5 = 6.8 in. Draw the pitch circle LS and 
take the line of pressure at an angle of 14^ degrees with the 
tangent. Draw the base circle CD. Lay off the circular pitch 
equal 3.14164-2.5 = 1.25 in., and construct the pinion teeth as 
in Art. 206. 



CYCLOID AL GEARS 197 

The pitch line of a rack is a circle of infinite radius; the base 
and pitch lines coincide and the involutes become straight lines, 
perpendicular to the line of pressure. Draw the pitch line MN, 
tangent to the pitch circle of the pinion, lay off upon it the tooth 
spaces = 1.25-T-2 equals 0.625, and through the division points 
draw the sides of the rack teeth. With the pinion driving as 
shown, contact will begin at H and end at K. 

From H to J the point of the rack tooth will interfere with the 
.flank of the pinion tooth. To avoid this the rack tooth must be 
rounded off somewhat as shown by the dotted outline. 

The number of teeth in the rack will depend upon the extent 
of motion required. The addendum, dedendum, clearance and 
fillets on the rack are calculated the same as for the pinion. 

208. Cycloidal Gear Teeth. — If a circular wheel be rolled along 
a smooth level track, a point on the rim will describe a cycloidal 
curve. The curve may be constructed graphically by rolling a 
circle on another circle or on a straight line. 

The curve has three forms: 

(a) The epicycloid formed by rolling one circle on the outside 
of a second circle. 

(b) The hypocycloid, formed by rolling one circle on the in- 
side of a second circle. 

(c) The cycloid, formed by rolling a circle on a straight line. 
The advantages of making all gear teeth, which are of the same 

size and pitch, so as to be interchangeable, together with the 
question of economy, make it undesirable to have two forms of 
teeth. So while the cycloidal tooth is the earlier form and is 
still in use to some extent, it has been largely displaced by the 
involute. It is doubtful whether the cycloidal tooth has any 
distinct advantages over other forms; its extensive use was 
probably due to the prominence given it by the early writers as 
a convenient example of the rolled-tooth outline. 

The disadvantages are that the tooth is difficult and expensive 
to make and that two cycloidal gears will not work properly if 
the centers are not accurately adjusted. 

The form is chiefly interesting here as an illustration of gear- 
tooth action. 

209. Construction of the Epicycloid. — An approximate method 
of constructing an epicycloid is shown by Fig. 194. With the 
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dividers, step off on AA' a series of small chords PI, 12, 2 3. 
Then step oflf on BB' the same length of chord PI', 1' 2, 2' 3'. As 
circle BB' rolls aroimd on AA* the point 1' will fall at 1, 2' will 






fall at 2 and so on. On as a center, describe arcs through the 
points 1', 2', 3'. Then with I'P as a radius and point 1 as 
a center, make an intersection at c on the arc drawn through 1', 
again with 2'P as a radius and 2 as a center make an intersection 
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at d on the arc drawa through 2' and so on. A curve through 
points Pcdef will be an epicycloid, for evidently the point of 
contact at P between A A' and BB' will move away from the 
center just as far as the points 1', 2', 3' approach it. The 
approximation here consists in assuming that the small arcs 
PI', 1'2', 2'3', are equal to the arcs PI, 1 2, 2 3, an error which 
is not appreciable if the arcs are made small. 

210. Construction of a Hypocloid.— In Fig. 195, if circle BB' 
is rolled around on the inside of A A' the curve Pcdef described 
by a point P on BB' will be a hypocycloid. The method of 
construction is exactly like the previous case, except that the 
arcs drawn through 1', 2', 3', 4' fall inside of A A' instead of 
outside. 
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211, Construction of a Cycloid.— In Fig. 196 let the circle BB' 
roll on the straight line AA'^ then the curve Pcdef ^ described 
by a point P on BB\ will be a cycloid. In this case, draw parallel 
straight lines through the points 1', 2', 3', 4'. With I'P, 2T, 
3'P, 4'P as radii, and with centers 1, 2, 3, 4, on AA' find the 
intersections c, d, e, /, and draw the curve. 

212. Forms of the Cycloidal Tooth, (a) Epicycloid and Hypo- 
cycloid, — In Fig. 197 if a circle with center at Q be rolled around 
on the outside of MN, a point P on its circumference will trace an 
epfcycloid FP\ This is the form of curve used for the outlines of 
the addenda of cycloidal teeth. If Q be rolled on the inside of LS, 
the path of P will be a somewhat flatter curve GP'; this curve 
forms the outlines of the dedenda of mating teeth. . 

(b) Epicycloid and Radial Line. — If the relative diameter of 
the describing circle is increased, as in Fig. 198, the curve GP' 
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will become more flat. When the diameter of the circle is made 
just equal to the radius of LS, the point P will move back along 
the line PO and GP' will become a straight line. From this it 
follows that whenever the diameter of the describing circle 




Fig. 197. 

is made equal to the radius of the pitch circle, the flanks of the 
teeth are radial straight lines. If an epicycloid and radial line 
generated in this manner be used for the faces and flanks of teeth. 
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the action between them will be precisely like that of the epicycloid 
and hypocycloid of Fig. 197. 

(c) Epicycloid and Pin. — If the diameter of the describing cir- 
cle is made greater than the radius of LS as in Fig. 199 the 
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curvePX oritsequalGP'will lieonthe right hand side of the center 
line and become convex in the opposite direction. Teeth with 
curves like PK for flank outlines are said to be "undercut, " that 
is, they are narrower at the base than at the pitch line. In action 
they still conform to the laws of contact for rolled tooth curves. 
As the diameter of the describing circle is further increased and 
approaches that of the pitch circle, the hypocycloid reduces to a 
point at P. If a pin be placed at P, the corresponding epicycloid 
described by Q on MN will act 
with it fulfilling the laws of con- 
tact as if the pin were a hjrpocy- 
cloid or a radial line. 

213. Relation Between Pitch, 
Obliquity and Describing Cir- 
cles. — To design a cycloidal 
tooth, three factors must be 
known: (1) The pitch; (2) the 
obliquity of the action; (3) the 
size of the describing circles. 

These factors have been de- 
termined by experience and 
their practical limits fixed. The 
pitch depends upon the strength 
required for the teeth. The 
maximum obliquity is made the 
same for all standard gears and 
the size of the describing circle 
depends upon the obliquity and is limited by the size of the 
gear. 

214. Length of the Pitch Arc.— In Fig. 200 FP+PG is the path 
of contact. Let this path be equal in length to the circular pitch. 
If the teeth shown are consecutive ones, contact will begin at F 
at the same instant that it ceases at G and the action will be con- 
tinuous. If FP and PG are made shorter, the pitch remaining 
the same, one pair of teeth will cease contact at G before the next 
pair begins at P, in which case the contact will not be continuous 
and the velocity ratio will vary. 

If the arcs PP and PG be lengthened, the circular pitch remain- 
ing the same, the pair of teeth on the right will begin contact 
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some time before the pair on the left ceases. Contact in this case 
will be continuous and the velocity ratio will not vary. It 
follows, therefore, that the arc of contact may be greater, but 
should never be less than the circular pitch. In standard cy- 
cloidal gears it is made from one and one-half to two times this 
pitch. 

216. Angle of Obliquity.— In Fig. 201, PG and PF are the lines 
of pressure at the instant when one pair of teeth is beginning 
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comtact on the right and another pair quitting contact on the left. 
The angles GPT' and FPT are the maximum angles of obliquity. 
In cycloidal gears, these angles, which may or may not be equal, 
are constantly varying between a maximum value when the con- 
tact is at F or (?, and zero when the contact is at P. The smaller 
this angle of obliquity, the smoother will be the action between 
the teeth and the smaller will be the component of the tooth 
pressure in the direction of the center line of the gears. Both of 
these results are desirable hence the angle of obliquity should be 
kept as small as posible. It is also true that the action between 
the teeth will be smoother near the point P than at the ends of 
the path of contact. 
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In commercial gears the maximum angle of obliquity is about 
15 degrees for the cycloidal system; 30 to 36 degrees is the upper 
limit of this angle if the gears are to work properly. 

216. Describing Circles. — With a given pitch, the size of the 
describing circles and the maximum angle of obliquity are mutu- 
ally dependent. 

In Fig. 202, let and 0' respectively be the centers of a driver 
and follower where Q and Q' are the centers of the corresponding 
describing circles and FPT and GPT^ are the maximum angles of 
obliquity. F and G are the' points where the teeth begin and end 
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their contact, PF and PG are the lines of pressure at these points 
and A A and A' A' are the addendum lines as determined from the 
pitch. 

It will be seen that the point F is located at the intersection of 
describing circle Q with A'A'y the addendum line of circle 0', and 
the line of pressure. Similarly G is located at the inter-section of 
describing circle Q' with AA, the addendum line of 0, and the line 
of pressure. 

If any two of the three factors, describing circles, addendum 
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lines or pressure lines are known, the points F and G can be located 
and the other factor determined. 

(a) When the angles of obliquity and the pitch are known, cal- 
culate the addendum from the known pitch and draw the adden- 
dum circle. Lay off the angles of obliquity. Then the points 
F and G will lie at the intersections of the pressure lines and the 
addendum lines. 

(b) When the angles of obliquity and the describing circles are 
known the latter may be drawn about the centers Q and Q' and 
their intersection with the lines of pressure will give the points F 
and G. The addendum circles may then be drawn through these 
points. Since the pitch circles pass through P, the height of the 
addendum is determined and the pitch may be calculated from 
(d) of Art. 197. 

(c) When the pitch and the describing circles are known, cal- 
culate the addendum, draw the addendum circles and locate F 
and G at the intersection of the addendum circles and the de- 
scribing circles. The lines of pressure may then be drawn 
through PF and PG. 

217. Limiting Size of Describing Circles.— In Fig. 203, FPE 
and DPC are the outline curves of a pair of mating teeth. PE 
is generated by rolling describing circle Q' to the left on the out- 
side of MN. PD is generated by rolUng the same describing circle 
to the left on the inside of LS. PF, the dedendum of the curve 
at PEf is generated by rolling Q to the right on the inside of 
MN. PC J the addendum of the curve at PD, is generated by 
rolling Q to the right on the outside of LS. Therefore faces and 
flanks which work together are generated by the same describing 
circle rolling in the same direction with respect to the pitch 
point. 

The figure shows the form of the flank when the describing 
circle equals, is less than, or greater than, the radius of the de- 
scribing circle within which it rolls. The form PD" is generally un- 
desirable in commercial gear teeth and by Art. 212 this flank is 
generated by a describing circle greater in diameter than the radius 
of the pitch circle LS, within which it rolls. Hence it follows 
that the diameter of the describing circle should never be greater 
than the radius of the pitch circle. Fig. 202 shows that as the 
diameter of the describing circle decreases the angle of obliquity 
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increases, but by Art. 215 this angle should be about 15 degrees, 
hence the limit below which the size of the describing circle 
cannot be decreased is fixed. 

The action of a pair of gear teeth being less smooth on the 
arc of approach than on the arc of recess, the arc of approach 
may be eUminated altogether by making the describing circle of 
the driver's flank equal to zero. The teeth of the driver will in 
that case have only faces and those of the follower only flanks. 
Contact will take place only on the arc of recess from P toG, 
Fig. 204, which shows the form of the teeth. 
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218. Laws of Contact for Cycloidal Teeth. — In Fig. 205, let A 
be a directrix of any shape capable of being rolled on another 
line. Let LS and MN be two pitch lines having centers of rota- 
tion at and 0\ Let the pitch lines and directrix have a common 
point of contact at P. Roll LS, MN and A, simultaneously 
upon each other. The point P considered as a point on MN will 
move to ^. As a point on LS it will move to G and as a point on 
A it will move to P\ A marking point placed at P would trace 
a curve FP' on an extension of MN and at the same time it would 
trace the curve GP' on LS. The curves FP' and GP are conj ugates. 
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If used for the outlines of gear teeth and FP' be made to drive 
GP' the point of contact between them will remain constantly on 
A and trace the curved path PP'. 

Since P lies between and 0', the rotation of the curves, and 
also their pitch lines LS and MNy about these centers, will be 
opposite in direction. 

P may be taken as the instant center of rotation of any point 
on A. Connect P and P' by a straight line. The direction of 
motion of P' at any instant will be that of P'T perpendicular to 
PP\ Then P'T is the common tangent to the curves at that 
instant and PP' is the common normal. Since P' is any point of 
contact all normals to the curves from points on A will pass 

through P. If P is fixed in posi- 
tion, that is, if OP and O'P are of 
constant length, the velocity ratio 
of LS and MN will be constant. 

As the curves PP' and GP' revolve 
about the centers and 0', the 
point of contact is located for a 
single instant on the Une of cen- 
ters and at that instant the contact 
is pure rolUng. When the point of 
contact is to the right or left of 
the line of centers as at P', the 
motion of this point may be re- 
solved into two components one 
tangent and one normal to the curves, hence by Art. 43 such 
contact is mixed rolling and sliding. 

It is apparent from the figure that a common normal to the 
curves from any point on A can never pass through the centers 
and O'y hence the driving action is positive. 

The indefinite general curve A is replaced by a circle in gener- 
ating curves corresponding to FP' and GP' for the outlines of 
cycloidal teeth. 

219. Least Follower. — Sometimes it is necessary to find the 

smallest follower that will work with a given pinion. Let 0, 

Fig. 206, be the center of a known pinion, having radial tooth 

flanks, and let the circular pitch PF be equal to the arc of recess. 

Lay off FK equal to one-fourth PP, draw OK and produce it 




Fig. 205. 
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indefinitely. OK will pass through the center of a tooth on 0, 
and when contact ceases the point of this tooth will be just 
leaving the flank of the followers' tooth, at the end of the arc of 
recess. Call this point G. An epicycloid of MN with origin 
at F may be made to intersect OK in the same point. To locate 
G, draw a tangent TT at P and rectify the arc PF at PH. Take 
PV equal to one-fourth PH, and with F as a center and VH as a 
radius, draw an arc cutting OK at G. This arc will closely 
approximate the true epicycloid. 




Fig. 206. 



To find the describing circle and pitch circle, draw PG, bisect 
it at A, and erect a perpendicular cutting the Une of centers at 
Q'. On Q' as a center, draw a circle through P and (?. 

This will be the required describing circle and the arc PG 
which equals PH or PF is the arc of recess. Make the diameter 
of the pitch circle twice that of the describing circle for a trial. 
This will give the follower radial fianks. Multiply the trial 
diameter by the pitch, and if the result comes out a fraction for 
the number of teeth, make it equal to the nearest integer. 
Divide the integer by the pitch to find the true diameter. The 
true diameter will vary so little from the trial diameter that the 
size of the describing circle need not be changed. 



208 



PURE MECHANISM 



220. Least Follower for Standard Teeth. — If the teeth are to 
be standard size, the least follower for a given gear will be 
larger than when the gear teeth are pointed. Assume the driver 
to have radial flanks as before. Then with the diameter of the 
driver and the pitch given, we can calculate the addendimi and 
draw the addendum circle of the driver. At the end of the arc 
of recess, which must also be known, the advancing comer of 
the driver's tooth will be located at the intersection of the 
addendum circle of the driver with the describing circle in the 
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follower, G Fig. 207. Draw PG and erect a perpendicular at 
its middle point, cutting the line of centers at Q', the center 
of the required describing circle. Find the pitch circle of the 
follower as in the previous article. 

221. To Lay Out a Cycloidal Gear and Pinion. — ^Two shafts 
30 in. apart, one turning at the rate of 200 revolutions per 
minute, and the other 100, are to be connected by a pair of 
cycloidal spur gears. Suppose the power to be transmitted 
requires the gears to be two- pitch. By Art. 40, Rule III, the veloc- 
ity varies inversely as the radii. The sum of the radii is thirty 

• , T X XI- • • i_ xu J • xi_ Itad. Driver 100 
mches. Let the pimon be the dnver, then pip.. "ono' 

In Fig. 208 (a) lay oflF 00' equal 30 in. and divide it into three 
equal parts and take OP equal to two of these parts, then OP 
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= 20 in., is the radius of the follower and 0^P = 10 in., is the 
radius of the driver. With OP and O'P as radii draw the pitch 
circles MN and LS. 

By Art. 197, iV=PXl>p = 2XlO = 20 for the driver, and 
2X20=40 for the follower. 

i4=2inch, and ^ = 8><2^l6 
2)=A+C = j®g in. 
The circular pitch equals p = ~~'2 — = 157. 
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Draw the addendum and root circles and divide the pitch 
circle of the driver into 40, and the pitch circle of the follower 

1 57 
into 80 spaces, -^ in. long. Draw TT' and lay off RR^ making 

with TT' an angle of 15 degrees. RR' intersects the addendum 
lines in F and G, the points of beginning and of quitting contact. 
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Bisect chord PF and erect a perpendicular cutting the line of 
centers at Q', and with Q' as a center and radius Q'Py draw 
one describing circle. In a similar manner construct the other 
describing circle on the chord PG. Roll Q, Fig. 208 (6), to 
the right on the outside of pitch circle LS forming the epicycloid 
PA. Roll Q' in the opposite direction on the inside of circle 
LS forming the hypocycloid PB. Make a templet to fit the 
curve APBy fasten the templet at the center of LS and rotate 
it counter-clockwise. Draw APE through every second tooth 
space as laid out on the pitch circle. Then turn the templet 
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over and go around in the opposite direction, completing the 
tooth outline. 

Roll circle Q', Fig. 208 (c), to the left on the outside of pitch 
circle AfiV, tracing the epicycloid PC. Roll Q in the opposite 
direction on the inside of MN forming the hypocycloid PD. 
Make a new templet for CPD and draw in the tooth outlines as 
before. Finally draw in the fillet tangent to the root circle and 
flanks of the teeth. 

In practice the curves must be laid out the exact size of the 
tooth curves required. 
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222. Cycloidal Rack and Pinion.— Fig. 209. The pitch line 
MNy of a rack, is straight. The tooth faces are cycloids. They 
are determined by rolling upon the pitch line, the same describing 
circle that would be used for the flanks of a mating pinion. The 
tooth flanks are also cycloids, but they are found by rolling upon 
the pitch line the describing circle that would be used to form 
the faces of a mating pinion. 

To lay out a rack, first space ofE the teeth along the pitch line. 
Next roll out the tooth curves and make a templet. Move 
the templet along the pitch line, keeping it parallel to its original 
position. Draw in the outlines for one side of the teeth, then 
reverse the templet and draw the other side. 

223. An odontograph is a method or an instrument for simpli- 
fying the construction of tooth curves. Two kinds of odonto- 
graph methods are employed. (1) Approximating the true 
curves by circular arcs; (2) approximating the true curves by 
others which are more easily constructed than the true curves. 
Approximate methods of drawing teeth are of doubtful value, 
their advantage being wholly on the side of speed. When teeth 
are laid out for making patterns, templets or cutters, they should 
never be used. Cut teeth of fine pitch are shaped by accurately 
ground cutters so there is usually no need of laying them out at 
all. The odontograph is sometimes convenient when a large 
number of teeth must be shown on drawing. 

224. Brown and Sharpens Odontograph Methods. — (a) After 
the pitch, base, addendum and dedendum circles have been 
drawn and the tooth spacing laid ofE the tooth curves may be 
drawn by taking a radius equal to one-quarter of the pitch radius, 
Fig. 210, and with centers on the base circle drawing arcs to form 
the sides of the teeth. This gives a tooth that does not conform 
closely to the true involute and the method should never be used 
where any great degree of accuracy is required. 

(b) Involute Gears of Less than Thirty Teeth, — Construct the 
faces of the teeth outside of the base circle as described under (a) 
and then draw the rest of the tooth as a radial straight line. 
This is not exactly the method described by the authors but it is 
near enough when the teeth are simply to be represented. 

(c) Cydodial Gears With Radial Flanks, — In interchangeable 
sets of gears the smallest pinion in the set, commonly a pinion of 
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IS teeth, has radial flanks, that is, the diameter of its describing 
circle isequal to theradiusof the pinion. Such a gear is called the 
base of the set and its teeth may be laid out as follows, Fig. 211 : 




V^ 



^fi- 



Draw pitch, addendum and dedendum circles and space off the 
teeth. From the center through one of the tooth divisions 
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draw the line OP A. With P as a center and with radius equal 
to the pitch radius of the gear draw arcs AK and ML and on 
these arcs lay off the thickness of the tooth. Erect the perpen- 
dicular, MH and AI. Draw the line KPL and perpendicular to 
it draw the line of pressure FPG. Draw the line 01 and through 
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C, its intersection with the line of pressure, draw a circle concen- 
tric with the pitch circle. Locate the centers of the tooth curves 
on this circle. The radii of these curves will be equal to the 
distance from C to the further side of the next tooth on the right. 
The curve will end at the pitch circle, the rest of the tooth out- 
line being a radial straight line. 
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(d) Cydoidal Gears with Non-radial Flanks. — In an inter- 
changeable set of gears all except the base have curved, flanks 
and the curved outline will change at the pitch circle. Draw 
pitch, addendum and dedendum circles and space off the teeth 
as before. Draw the arcs AK and ML from P as a center with 
radii equal to the radii of the smallest gear in the set. Draw 
KPL and the line of pressure FPG perpendicular to it. Erect 
the perpendiculars MH and AI. Now draw a line from 
through H to intersect the line of pressure at 5. On as a 
center draw a circle through B, With centers on this circle, and 
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with radius equal to BD, the distance from B to the nearest side 
of the first tooth beyond the line of centers, draw the flanks of 
the teeth. The faces are constructed as in the previous case. 

(e) Cydoidal Rack. — ^Lay out standard addendum, and pitch 
lines and space off the teeth. Draw the arcs AK and ML with 
radius equal to the radius of the mating gear or the smallest gear 
in the set. Lay off the width of the teeth on these arcs and 
erect the perpendiculars AI and MH. Draw HK and the line of 
pressure perpendicular to it. Drop perpendiculars to the pitch 
line at H and /. These perpendiculars will intersect the line 
of pressure at D and E. Through these points draw the lines 
RS and TV parallel to the pitch line and on these parallels locate 
the centers of the tooth curves. The radius of the face and flank 
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will be the same and equal to the distance from C to the nearest 
side of the first tooth on the other side of the line of centers. 

226. Grant's Odontograph Method is based on an older one 
devised by Prof. Willis and is one of the most convenient and 
accurate methods of approximating tooth outlines. In this 
method the tooth curves are drawn with circular arcs which have 
been worked out experimentally so as to pass through two or 
more points of the true outline. Tables of radii for these arcs 
and of loci for their centers are illustrated by Fig. 212. These 
tables are given for both involute and cycloidal gears and by their 
use tooth curves may be very easily and rapidly drawn. 

226. Templet Odontographs. — ^A templet odontograph is an 
irregular curved piece some portion of which can be made to fit 
any required tooth outline. Fig. 213 is Robinson's odontograph, 
which is designed on the theory that every tooth curve can be 
made to conform to some part of a logarithmic spiral. A table 
of arbitrary factors accompanies the instrument and by their aid 
the tooth outlines are drawn directly on its edges. 

PROBLEMS 

1. A 4-pitch spur gear is 10 in. in diameter. Find the circular pitch, the 
module and the number of teeth. 

2. If a gear has 36 teeth and a circular pitch of 1 in. find its diametral 
pitch. 

3. Show wherein the 6 fundamental principles of Chapter III are true for 
involute tooth curves. 

4. Prove that the epicycloid and the hypocycloid fulfil all the require- 
ments for gear tooth outlines. 

5. The circular pitch of a pair of involute spur gears 10 and 5 in. in diam- 
eter is 2+ in., the addendum being f in. and the obliquity 14) degrees. 
Locate the point of beginning and ending contact. 

6. Find the size of the describing circles in problem 5 if the gears are 
cycloidal. 

7. Find the angles of obhquity in problem 5 if the diameters of the 
describing circles equal the radii of the gears. 

8. Two gears, 6 and 12 in. in diameter, have describing circles 3 and 5 in . 
in diameter. If the circular pitch is 2, and the arcs of approach and recess 
are each equal to f of the circular pitch, find the addenda and the angles of 
obliquity. 

9. A standard 3-pitch gear is in. in diameter and has cycloidal teeth with 
radial flanks. It meshes with a gear 12 in. in diameter which also has radial 
tooth flanks. Find the number of teeth, velocity ratio, circular pitch, size 



216 PURE MECHANISM 

of the describing circles, angles of obliquity, addendum, dedendum, clearance, 
fillets and backlash. 

10. Prove that a cycloidal gear has radial tooth flanks when the diameter 
of the describing circle equals the radius of the gear. 

11. Prove that the sides of an involute rack tooth are straight lines. 

12. What is the least number of teeth that can be given an involute 
pinion to work with a 3-pitch standard gear of 36 teeth. 

13. Indicate the shape of the teeth on a pair of gears that have no arcs of 
approach. 

14. Lay out a pair of 3-pitch involute gears for the following conditions: 
Diameter of gears 10 in. and 36 in. Standard teeth. 

15. Lay out the same gear with stub teeth and an angle of obliquity 
of 20 degrees. 



CHAPTER XI 

DIRECT CONTACT. ROLLING AND SLIDING MOTION 

CONTINUED 

ANNULAR, BEVEL, SKEW BEVEL, ELLIPTICAL, PIN, CHAIN, 

FACE AND IRREGULAR GEARS 

227. Internal Gears. — If the teeth of a gear be made on the 
inside of the rim so that they extend inward toward the center of 
the wheel, the arrangement is an internal gear, Fig. 214. The 
mate to an internal gear is a spur gear, or pinion. 
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Internal gears may be constructed on either circular or irreg- 
ular pitch lines. The circular pitch line is the most common and 
important form and an internal gear having a circular pitch line 
is called an "annular" gear. 

The laws of contact and velocity ratio are the same for internal 
as for external gears. 

An internal gear and its pinion will rotate in the same direction 
since the centers are both on the same side of the point of contact. 

Either the pinion or the gear may be made the driver, but an 
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internal gear cannot be made to drive a rack nor another internal 
gear. 

The form of the teeth is precisely like that of the spaces on an 
external gear of the same size and pitch. Either the involute 
or the cycloidal tooth may be used, the methods of forming and 
making the teeth being in general the same as for external gears. 

228. Design of an Annular Involute Gear. — ^Let LS, Fig. 215, 
be the pitch circle of a pinion and MN the pitch circle of a gear. 
Draw the line of pressure GFP and find the base circles as in the 
case of spur gears. Lay off the tooth spaces on the pitch circles 
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and calculate a standard addendum for the pinion and a standard 
dedendum for the gear. Draw the corresponding addendum and 
dedendum circles. 

Since there can be no involute action inside of a base circle 
the points of the gear teeth are cut off so that they cannot 
make contact with the pinion teeth inside of the baSe circle 
of the pinion. Therefore, to find the line limiting the length 
of the gear teeth draw from the center of the gear a circle through 
F, the latter being the point of tangency between the pressure line 
and the base circle of the pinion. 

The flanks of the pinion teeth are also theoretically limited by 
a circle through F. But as the spaces must be deep enough to 
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accommodate the points of the gear teeth without interference, 
when the contact is in the vicinity of P, the flanks are prolonged 
with radial straight lines. 

The correct way to find the depth of the spaces on the pinion 
is to roll one pitch line on the other and find the envelope of the 
points of the gear teeth. As this process involves considerable 
labor the proper amount of clearance may generally be deter- 
mined by inspection. 

The faces of the pinion teeth are constructed the same as for 
any other spur gear. The flanks of the gear teeth are made 
like the faces of an equivalent spur gear. 




Fig. 216. 



In the figure if the pinion is driving in the direction shown by 
the arrow, contact will begin at F and end at Q. 

229. Annular Gears with Cycloidal Teeth.— The difference 
between the number of teeth on an annular gear and its pinion is 
generally large and involute teeth, made according to the pre- 
vious article, will not cause trouble by interference. When, how- 
ever, the gear and pinion are nearly the same size the cycloidal 
tooth may be the better. The teeth in this case should be laid 
out as for a spur gear except that the flanks of the teeth will be 
epicycloids and the faces hypocycloids. We shall then have two 
epicycloids and two hypocycloids mating with each other instead 
of epicycloids mating with hypocycloids, Fig. 216. Cycloidal 
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gears may be so constructed as to give two paths of contact at 
the same time. This secondary contact, as it is called, may be 
an advantage in favor of the cycloidal form, as it allows the 
pressure between the teeth to be distributed over a larger area, 
also, since it takes place during the arc of recess, it gives a smooth 
action to the teeth. 

230. Secondary Action of Annular Gear Teeth. — In Fig. 217, 
let and 0' be the centers of an annular gear and its pinion, let 
Q and Q' be the exterior and interior describing circles and let 
Qs be a secondary describing circle so chosen that its diameter is 




equal to the diameter of the pinion plus the diameter of Q or 
equal to the diameter of the gear minus the diameter of Q'. 

Now it can be shown that the epicycloid CG, which forms the 
face of the pinion tooth, can be generated by rolling either Q or Q% 
on the outside of the pitch circle of the pinion. Also the epicy- 
cloid F C of the gear is generated by rolling Qz on the outside of 
the pitch circle of the gear. 

P is the pitch point and P', P2 and Pz are intersections of the 
addendum lines of the gear and pinion and the describing circles 
Q, Q' and Qz. 

If the pinion is taken as the driver and motion is in the direc- 
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tion shown by the arrow, contact will begin at Pi, proceed along 
the arcs Pa, P, P' and cease at P\ From Pj to P the contact is 
between the flank of the pinion tooth and the face of the gear 
tooth. From P to P' the contact is made between the face of 
the pinion tooth and the flank of the gear tooth. 

At P there is established between the face of the pinion tooth 
and the flank of the gear tooth, a secondary contact and this con- 
tact proceeds along the arc PPz of the secondary describing circle 
Qi. The reason for such secondary contact is that (? C is an epicy- 
cloid of the pinion, formed by either of the describing circles Q or 
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Q%. As an epicycloid formed by Q, it makes contact with FC 
along the line PP', and as an epicycloid formed by Qs, it makes 
contact with FC along the line PPz. 

It can be shown that if the radius of Q is less than one-half of 
the center distance 00' the teeth will interfere. Again, if the 
radius of Q' is made greater than one-half of 00', the teeth will be 
separated so that no secondary action at all will take place. 
Hence, if annular gears are to have secondary contact, tke sum 
of the radii of exterior and interior describing circles mvst equal the 
distance between the centers of the gear and the pinion. 

831. Bevel Gears. — Fig. 218 (a), may be made to transmit mo- 
tion between two axes in the same plane which intersect. The 
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angle made by the axes may be, Fig. 218 (6), right; (d), oblique; 
or (c), obtuse. 

When the angle between the axes is a right angle and the gears 
are the same diameter they are called "miter gears." 

The pitch surfaces of bevel gears are generally made like the 
cones of Art. 63. They may, however, be elliptical, internal or 
irregular. 

The tooth elements are commonly straight lines which meet in 
the vertex of the cone, the gears may also be made with helical or 
twisted teeth. 

The laws of contact and velocity ratio are precisely like those of 
cylindrical gears having the same form of pitch line. 

Bevel gears are extensively used for both light and heavy 
work and their advantages are obvious for connecting shafts 
which are not parallel. 

232. Form of Bevel Gear Teeth. — In spur gears, if a tooth ele- 
ment be moved so as to generate a tooth surface, the element will 
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always remain parallel to the axis of the gear. The end of the 
element will move in a plane which may be used as a plane of ref- 
erence on which to study the tooth outline. 

An element of a bevel gear tooth in generating the tooth surface 
rotates simultaneously in two directions about the vertex of the 
conical pitch surface. The end of the element will therefore 
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move in the surface of a sphere. Hence the outlines of bevel gear 
teeth must be studied on a spherical surface of reference.. 

The outlines of commercial bevel gear teeth are of three forms: 
(1) involute; (2) octoidal; (3) cycloidal. 
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The spherical involute tooth is formed by rolling a great circle 
of a sphere tangent simultaneously to two small circles of the 
sphere, Fig. 219. AB is a great circle and CD and EF are the 
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small circles. If P is the describing point it will trace the spher- 
ical involute PK, 

If an involute rack be bent around in a circle, the result will 
be a crown gear, Fig. 220. The straight sides of the involute 
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rack teeth will become arcs of great circles of the sphere OQ. 
These arcs form the basis for the mechanical generation of the 
outlines of octoidal teeth. The line of action is the figure eight 
curve P, A, C, from which the tooth takes its name. This line 
of action is perpendicular to the tooth curves at the point P and 
tangent to the small circles JK and LM, which in turn are 
tangent to the great circle of which the tooth outlines are a part. 

The cycloidal bevel gear tooth outline is formed by rolling a 
small circle of a sphere on a great circle. Fig. 221, C is the base 
of a spherical cone with vertex at the center of the sphere. 
SS h & great circle of the same sphere and PK is the spherical 
epicycloid. 

The spherical hypocycloid PL is formed by rolling the circle D 
on SS in the opposite direction. 

The outlines of cycloidal bevel teeth are like those of spur gears 
exceptthat the bevel teeth never have radial flanks, asno cone can 
be made to generate a plane surface by rolling inside another cone. 

233. Making Bevel Gear Teeth. — Four methods are in use for 
making bevel gear teeth: (a) molding; (b) milling; (c) planing; 
and (d) the molding-planing process. 
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By the first method the teeth are molded from a pattern and 
cast in sand. Such teeth are suitable only for rough work, as the 
spaces must be cast wider than the teeth and there is always 
excessive backlash. 

Bevel gear teeth may be formed by the milling process with 
rotary cutters. Since the spaces between the teeth are narrower 
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toward the apex of the cone, a single cutter cannot be used to 
form the whole space at one cut. The teeth are made by going 
over the blank several times, the first cutter merely roughing out 
the stock, two finishing cuts being used one on each side of the 
space. Considerable practice is necessary on the part of the work- 
man to adjust the cutters properly, accuracy being a matter of 
experience. 

Fig. 222 illustrates the method of making the teeth by the plan- 
ing process. JS is a bracket mounted so as to swing freely on a 
pivot C. At the other end of the bracket a pin P is iBxed so as 
to be held against the edge of the templet F. T is a tool holder 
which slides along the bracket. 

The gear to be cut is mounted on a spindle at A and can be 
rotated or held firmly in a given position. The templet F is 
similar in form to the tooth to be cut. 

The spaces are first roughed out, then the tool T is brought 
against the tooth and given a reciprocating motion, while at the 
same time it is advanced into the space by swinging B on its 
pivot. P guides the bracket so that the tooth outline is a dupli- 
cate of the templet in form but not in size. The tooth is formed 
by the linear planing process, each stroke of the tool being in the 
direction of the tooth elements. 

This method is applicable to all forms of bevel gear teeth and 
is the most accurate general method in use. 

The octoidcd tooth and one other form, known as the planoid, 
may be formed by the molding-planing process which has already 
been described under spur gears. The cutting tool is made like 
the side of a crown gear tooth. Fig. 220, which is thus made the 
parent form for all teeth of the system. The direction of motion 
of the reciprocating tool is not parallel to the tooth elements but 
is given the direction of that element which is at the bottom 
comer of the tooth space. 

234. Tredgold's Method. — The diflSculty of laying out tooth cur- 
ves on a spherical surface is apparent. An approximate method, 
first published by Tredgold, is commonly used whereby the 
reference surfaces of bevel gears are treated as cones of revolution 
tangent to the spherical surfaces of reference. In Fig. 223 the 
tooth outlines are described on the cone QBC, which is normal to 
the pitch cone OBC and has its elements tangent to the sphere on 
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which the tooth curves actually lie. The pitch surface of the 
normal cone is assumed to be covered with some flexible substance 
which is unwrapped and laid out flat as at DBF. Teeth of any 
system may then be laid out on this plane surface, which is again 
wrapped around on the normal cone and the tooth outlines take 
their proper position. 



■^ 



The error introduced by this method istoo small to be appreci- 
able unless the pitch is coarse and the pinion small in proportion 
to the gear. 

236. To Lay Out a Pair of Bevel Gears. — Assume a velocity- 
ratio of 7 to 6, a pitch of 3 and let the driver have 18 teeth and the 
follower 21 teeth. Involute system. 
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In Fig. 224, let OA be the driver and OB the follower axes, 
and let them intersect at 0. Lay ofif on OA, 7 equal parts, and on 
OB, 6 equal parts. Draw NK and MK parallel to the axes and 
then draw OK, the common element of the pitch cones. Set ofif 
on the driver's axis a distance equal to the pitch radius of the 
follower, also set ofif on the follower's axis a distance equal to 
the radius of the driver. Through il and B draw the perpendicu- 
lars which intersect in F. These will be the pitch lines of the 
gears. Construct the pitch cones with common vertex at Oand 
vertex of the normal cone of the driver at Q. With OF* as a 
radius and any convenient point as a center draw the arc FDG, 
then the sector QFDG represents the development of the normal 
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Fig. 224. 



pitch cone, on which the teeth are laid out by Tredgold's method. 
Draw the pressure line, construct the base circle and draw the 
tooth curves as for spur gears. The teeth on this development 
will be shown in their true size and the arc FDG will equal the 
pitch circumference of the driver. Calculate the addendum and 
dedendum in the usual way and complete the teeth on the devel- 
opment. Lay ofif GT equal to the addendum and GS equal to the 
dedendum. Draw ST perpendicular to OG. The length of the 
tooth GHis independent of any kinematical principle and may be 
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taken equal to one-third of GO. Erect a perpendicular to GO at 
H and draw TR and SL converging to the vertex 0, then STRL 
is a side elevation of one tooth. To complete the other views of 
a tooth, draw HP parallel toGQ, with PH as a radius draw the arc 
1, 2, 3, concentric with FDGj this will be the pitch circle of the inner 
normal cone. With PL and PR as radii draw the addendum and 
dedendum lines of the inner ends of the teeth. From points on 
the developed tooth outline draw S'Q, G'Q, T'Q, etc., then the 
intersections L', H', R' will be points on the curve of the inner 
end of a tooth and T'R'^ TJti, will be elements of the developed 
tooth. 

To draw a front view of the teeth take radius AG and draw an 
arc of the true pitch circle. Lay ofif the circular pitch and the 
tooth spacing. Project T, S, R and L upon a perpendicular 
through and through these points draw circles to represent the 
top and bottom of both ends of the teeth. Lay off TzTi=^ T'Tt, 
G^A=G'G2 and so on, making the tooth outlines in the projection 
like those in the development except that they are foreshortened. 
All the other teeth on this projection are then made like the one in 
the vertical position. 

To get the projection of any tooth in the side view, project 
points on the tooth outline from the front view. Thus X will be 
projected to X', Y at 7', etc. 

The dimensions of the gear blank can be found when the pitch 
diameter and cone angles are known. Thus, the external diame- 
ter is equal to the pitch diameter plus twice the distance GV and 
GV=GT cos d. can always be found from the known pitch 
radii and angle between the shafts. 

236. Skew bevel gears, Fig. 225, may be used to transmit 
motion between a pair of axes which are neither parallel nor inter- 
secting when the distance between the axes is small. 

The pitch surfaces of such gears are h3T)erboloids of revolution, 
the gear blanks being frustra of the hyperboloids. The frustra 
taken may be either near to or remote from the gorge circles. 
If taken near to the gorge circles, the blanks should approximate 
closely to the hyperboloidal outlines, if remote the blanks will 
be practically like those of bevel gears, the pitch surfaces being 
cones tangent to the h3rperboloidal outlines. 

The surface of reference upon which the tooth outlines of a 
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Bkew bevel gear would be correctly shown is a, warped surface 
normal to the hyx>erboloidal pitch surface and the tooth outline 
would be formed by the intersection of all the tooth elements 
with this surface. This method of representing the tooth out- 
lines is, however, impractical because it is impossible to obtain 
or imagine two surfaces of reference, gener- 
ated on revolving askew axes, which can be 
made to coincide so that a pair of tooth 
outlines drawn upon them can be brought 
into contact. The teeth may, however, 
be laid out approximately, and studied on 
normal cones as in the case of Tredgold's 
method for bevel gears. 

237. Teeth of Skew Bevel Gears.— The 
correct form of and method of generating Yia. 225. 

skew bevel teeth on hyperboloidal pitch 

surfaces has not been clearly understood even by technical writers. 
It has been taught that correct skew bevel tooth surfaces, cy- 
cloidal in form, could be produced by rolling an auxiliary hyperbo- 
loid, externally and internally, on the pitch hyperboloids of a pair 
of mating gears, after the manner of 
generating spur teeth by rolling cylin- 
ders. MacCord has demonstrated 
that two tooth surfaces generated 
, thus are not tangent along a common 
f^ element of the two teeth and there- 
fore that they will not work. 

The best practical form of the 
tooth is undoubtedly that described 
by MftcCord, in which the front of 
the tooth is a surface of single curva- 
ture and the back a warped surface, 
Fia. 226. the back and front faces of the tooth 

section being involutes or conjugates 
of the involute. 

In Fig. 226, let A be a hyperboloidal pitch surface with direc- 
trix PM. Pass a series of planes perpendicular to the axis of 
the fayperboloid and cutting its surface in circles parallel to the 
gorge circle. Now imagine PM to move in such a manner that, 
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while remaining always in contact with the gorge circle, points on 
PM above the gorge circle, as L, /S and R, describe involutes of the 
parallel circles. These involutes will be the outlines of sections 
of the front face of a tooth. The nearer the tooth sections are 
to the gorge circle the more flattened they will become and at the 
gorge circle the sides of a tooth will coincide with it. That is, the 
teeth at the gorge circle will have no sensible height and will 
disappear. 

238. Contact Between Mating Teeth. — If a mating hyperboloid 
be placed in contact with Aj along a common element parallel 
to PMf this second hyperboloid may have generated upon it 
a tooth surface similar to that of Fig. 226 by a movement of the 
generating line PM, around the second axis, identical with that 
already described. These two tooth surfaces, however, will not 
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work together, for they will not be tangent along their elements. 
This is proved by the fact that a plane tangent to either tooth 
surface at a given point is determined by the element of the sur- 
face and the tangent to the involute at that point. But involutes 
of mating sections of the two hyperboloidal pitch surfaces do not 
lie in parallel planes and therefore the tangents to these involutes 
have dififerent directions. 

The failure of these tooth surfaces to work in tangent contact 
may be demonstrated by the aid of Fig. 227, in which the two 
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base circles and 0' are supposed to have involute teeth. Let 
these base circles belong to mating sections of a pair of skew bevel 
gears, then their planes will make an angle equal to the angle 
between the axes of the hyperboloids and their intersection will 
be the line FG. If the two circles be now assumed to lie in the 
same plane, the line of action between their involutes will be FG. 
If the right-hand circle be rotated about FG as an axis imtil its 
center 0' is projected at 0", it will take the actual position of the 
hyperboloidal section which mates with and the line FG will 
still be the line of action, or the locus of contact between involutes 
of these circles, but for involutes of circles on either side of these 
planes, FG will not be the locus of contact nor will it be parallel 
to such other loci. Hence if these planes be considered as lamina 
of the pitch hyperboloids and given some thickness, correspond- 
ing to a pair of practical gears, the teeth will not work together 
in line contact. They may, however, be made to work in point 
contact by rounding ofif the teeth of one gear so that the elements 
are crowned lengthwise of the tooth. A better method of insuring 
contact is to make the fronts of the teeth of one gear true involute 
surfaces and then construct a conjugate tooth by a method simi- 
lar to that of Art. 195. This conjugate will be a surface of single 
curvature. 

The locus of contact for the backs of the teeth in Fig. 227 was 
the other tangent HI. This line will intersect FG at K and after 
0' is revolved to its new position, the two points on the backs of 
the teeth which originally met at K will still meet at that point, 
but no other points on the backs will come into contact at all, 
hence the teeth will not drive in the reverse direction. 

The tangents to the involutes of the backs of the driver's teeth 
are not all parallel as was the case with fronts of the teeth, that 
is the backs of the teeth are warped surfaces. Teeth that will 
transmit motion in either direction may be made by constructing 
these warped surfaces and then constructing a conjugate surface 
on the back of the follower's tooth. 

239. Velocity Ratio. — ^The angular velocities of a pair of skew 
bevel gears are to each other as the velocities of their hyperbo- 
loidal pitch surfaces, that is to say, the angular velocities are to 
each other in the inverse ratio, not of the perpendiculars let fall 
from any point of the common element upon the axes, but of 
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the projections of those perpendiculars upon a plane parallel to 
both axes and the common element. This is equivalent to saying 
that their velocities are inversely proportional to the sines of their 
skew angles when the two gorge radii are proportional to the 
tangents of the skew angles. 

When the teeth of skew bevel gears roll on each other, there is 
a simultaneous sliding motion along the elements of the teeth. 
Since the skew angles are not necessarily the same it follows that 
the two gears may have different circular pitches and that the 
number of teeth on the two gears will not be proportional to the 
diameters of their base circles. Therefore if the diameter of one 
of a pair of these gears is given for a given velocity ratio, that of 
the other must be found by construction. 

240. Making Skew Bevel Gears. — The difficulty of even ap- 
proximating the correct tooth surface without special tools for 
that purpose has practically prohibited the use of skew bevel 
gears and an extra bevel gear has generally been used to connect 
non-parallel axes. 

In large sizes the gears may be produced by casting, but for 
small gears this method is too rough. They may be cut with a 
rotary cutter by mounting the gear blank on a milling machine 
in such manner that the cutter will follow the direction of the 
tooth elements, first one side of the tooth being finished and 
then the other, as in the similar process with bevel gears. This 
is a cut and try method which will require some skill in setting 
the blank at the proper angle. Where this method of cutting is 
used the blank is sometimes rotated simultaneously with the 
cutter, producing a spiral tooth. Such teeth will work in point 
contact with fair results. Either the straight or spiral tooth 
made by this process will generally need some filing before it will 
work at all. 

Skew bevel teeth with straight-hne elements are now produced 
by the linear planing process on automatic machines which use 
a former for guiding the tool as in cutting bevel gears, the only 
difference being that the position of the former is such that the 
cutting tool is guided along elements which are tangent to the 
gorge circle of the hyperboloidal pitch surface instead of meeting 
at the apex of a cone. 

241. To Design a Pair of Skew Bevel Gears. — Let it be re- 



PIN GEARS 233 

quired to lay out a pair of 6-pitch skew bevel gears for a velocity 

Driver 'S 
ratio of Followe r '^i ^^^ vertical projection of the axes on a 

plane parallel to both and to the common element is to make an 
angle of 45 degrees, the skew angle of the driver being 20 degrees 
and that of the follower 25 degrees. Let the driver have 24 
teeth and its thickness be 2 in. 

The circular pitch corresponding to a 6-pitch tooth is 0.5236 in. 
and the circular pitch of the driver on a plane perpendicular to 
its axis will be, 

0.5236 



cos 20 
Its pitch diameter will be, 

24X0.558 



= 0.558 in. 



= 4.27 in. 



3.1416 
The circular pitch of the follower will be, 

0.5236 -, fi^^Ti? • 

^r^ = 0.5775 m. 

cos 25 

From the given velocity ratio the driver will have 30 teeth from 
which its diameter will be, 

30X0.5775 



3.1416 



— 5.51 in. 



The pitch surfaces must now be constructed by the method of 
Art. 148. The diameter of the follower will be found by actual 
measurement of the diagram, to be approximately 5.25 in. Since 
this does not agree with the diameter as calculated from the 
niunber of teeth the skew angles may be changed and the con- 
struction modified until the diameters found by the two methods 
do agree. 

The teeth must now be laid out on the back of the normal cones 
as in Tredgold's approximation. The normal cones. Fig. 228, 
are found by constructing tangent cones to the pitch surfaces at 
the middle of the frustra, K, and then drawing the sides of the 
normal cone perpendicular to the sides of the tangent cone. 

A complete tooth of the driver is shown at L. The outlines of 
the tooth are involutes constructed in the usual way, both ends 
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of the tooth are similar, both are symmetrical with a radial line 
through the center of the section and their relative positions is 
determined by the skew angle of the gear. The acting face of 
the follower's tooth is conjugate to the tooth L and may be found 
as follows: 

Pass any plane tangent to the acting face of L and perpendicular 
to its line of action. This plane will intersect the gorge plane of 
the driver in a line tangent to the gorge circle and as L rotates the 
plane will be pushed outward turning about its gorge plane trace 
as on a hinge. This turning plane will cut a section of the driver, 
taken perpendicular to the axis QQj in lines to which the section 
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of the follower's tooth in that plane will be tangent. Let the 
point M in the line AM, trace an involute of the driver as the line 
is wound upon the base circle. At B, the intersection of A M with 
the pitch circle, draw a perpendicular intersecting the plane of 
the gorge at T. Then T will be the intersection of the gorge 
plane trace of the turning plane, with the plane perpendicular to 
QQ. Draw lines from T and from Q' to A, B and C At A', the 
base of the involute, lay ofif the angle Q'A'T equal to Q'AT. 
The conjugate tooth at this point will be tangent to the line 
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T'Tt- In like manner lay off Q'AT sA the points B' and C" and 
finally draw the tooth curve tangent to the lines T'Ti, T"T%, 
and T"'T^. 

The backs of the driver's teeth may be constructed by drawing 
three or more involutes and moving an element in contact with 
them from root to point, forming a warped surface. The con- 
jugate back for the follower is constructed as follows; Pass a 
plane perpendicular to QQ and draw upon this plane the section 
cut by it from the back of the driver's tooth, rotate driver and 
follower ^multaneously through a very small angle and draw 
another section cut from the driver's tooth, repeat this process 
until a sufficient number of ciu^es have been determined and 
then draw the outline of the back of the follower's tooth tangent 




to these curves. Select another transverse plane and perform 
the same series of operations. When three or more such tooth 
outlines have been determined a right line sliding in contact with 
them from root to point will generate the tooth surface. 

The process of drawing these tooth outlines is long and tedious 
and there is no simple way of showing the tooth surface on paper. 
They may be constructed by drawing the involute and conjugate 
outlines as described and using them as templets, each set in its 
proper relative position, as determined by the skew angle and 
then filling in the material of the tooth between and fairing it 
down to a smooth surface. 

242. Pin Gears. — Fig. 229 illustrates three different forms of 
the pin gear. 
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In (a) the pins are set in the face of a flat disk, their centers 
being located on the pitch circle with their center distances equal 
to the circular pitch. 

Fig. 229 (6), is called a lantern wheel. The pins are here sup>- 
ported by two disks and each pin has a roller with which the teeth 
of the mating wheel make contact. 

Fig. 229 (c) is a bevel pin tooth. In this gear also the pin is sup- 
ported at both ends and generally carries a roller. 

Pin gears find their most common appUcation in small work 
like clock trains but they may also be used successfully for heavy 
work. In the past they have been much used in wooden 
construction. 

Pin gears are easy to make and they give a comparatively 
smooth contact, particularly when used with a roller. In small 
sizes the pin tooth with roller gives extremely little friction. 

As generally made, pin gears are defective in their contact and 
in coarse pitches when the pin wheel is small in diameter they will 
not work properly without some modification of the theoretically 
correct form. 

243. Construction of the Pin and Its Conjugate Tooth. — ^The 
circular pin is a true tooth curve of the segmental form, for that 




Fig. 230. 



portion of its circumference which lies between its pitch circle 
and the tangent to the pitch circle at the center of the pin. 
The general method of designing teeth for pm gears is to assume 
a diameter for the pin and then find a conjugate tooth curve to 
work with it. 
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The deriTation of the pin tooth from the hypocycloid was 
ejtplained in Art. 212 (c). In Fig. 230 (o), AB and AC are epi- 
cycloids generated by rolling the pitch circle of the pin wheel on 
that of the gear. The width of the tooth CB, is equal to the cir- 
cular pitch and the pin is merely a mathematical point. Since 
a practical pin must have some sensible diameter the tooth is 
modified as follows: From points on the epicycloids AB and 
AC, and with radii equal to that of the required pin, draw a 
series of arcs and then draw the new tooth outline tangent to 
the arcs. 

The sides of this new tooth outline are epicycloids parallel to 
AB andjlC These parallel epicycloids possess the peculiar 
property of beii^ composed of two branches, NH and HF, 
Fig. 230 (fe), with a cusp at H. 
This formation of the parallel epi- 
cycloid will cause interference if 
the teeth are coarse although it 
may be disregarded for fine teeth. "^ 

244. Contact between Pin and 
Tooth. — The line of action, or locus 
of contact, for the pin and its coq- 

ji^ate is a portion of the limacon / \ 

and may be drawn as follows when 
the dimensions of the pin and tooth 
are known. In Fig. 231 letP, C, 
D and E be successive positions of 
the center of the pin on a given pitch p^ 231 

circle. Draw chords of the pitch 

circle through these points and P, and produce them if neces- 
sary. On BP set off BR, equal to the radius of the pin, in the 
same way set off DI, CT and PA. A curve drawn through 
the points A, T, P, I and R will be a portion of the required 
limacon. The complete curve is shown in Fig. 230 (6) where it 
is drawn with a pin radius larger than that of its pitch circle so 
as to show up the cusp on the parallel epicycloid. 

Contact between the pin and tooth is practically confined to 
one side of the line of centers and when the tooth is driving, as 
shown, it will be on the arc of recess. Since tooth contact b 
always smoother on the arc of recess it follows that the tooth 
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should be made to drive the pin. If, however, the pin carries a 
roller the receding action is no better than the approaching ac- 
tion and the pin may be made the driver. 

In Fig. 230 (6), the branch HF is inoperative as a tooth curve, 
and the construction of the branch HN is such that it cuts the 
circumference of the pin at some point L when the center of the 
pin is at P\ If the tooth curve is stopped off at L there will be 
an angle in the tooth outline which will in most cases cause a 
break in the velocity ratio. On the other hand, if the tooth curve 
be continued to the cusp at H, the portion of the tooth ciu^e 
below L, will interfere with the pin. This interference may be 
avoided by locating the centers of the pins inside their pitch circle 
a distance such that their circumferences will pass through the 
point H instead of cutting the curve as at L. 

The cusp is easily located for a given case for it will always lie 
on a circle drawn from the center and tangent to the limacon 
at r. The locus of the centers of the pins may then be found by 
trial. 

It is sometimes stated that contact begins when the center of 
the pin is at P and this would be true if the pin were a mere point 
corresponding to its center, but owing to the double branch of 
the derived curve and the methods of correcting for its effect, 
the point of contact is variable and may even be such as to give 
a negative arc of approach. 

246. Limiting Size of the Pin. — A common method of designing 
pin gears is to make the diameter of the pin equal the thickness 
of the tooth at the pitch line but it is sometimes necessary to 
determine the limiting size of the pin for a given pitch and arc of 
action when the diameter of the pitch circles are known. 

In Fig. 232, lay off PA and PB equal to the given arc of action 
or recess and from B lay off BC equal to the circular pitch. 
Bisect BC at D and draw the radial line OD, The end of any 
pointed tooth in this position and having the circular pitch BC, 
will lie on the line OD produced. The point of contact between 
a pin and tooth is always located on the line PA drawn from P to 
the center of the pin, because such a line is the common normal 
at the point of contact. The end of a pointed tooth is the last 
possible point of contact for that tooth on the arc of recess. 
Hence it follows that the last point of contact with a given pitch 
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and arc of action will lie at T the intersection of the lines OD and 
PA. AT will then be the radius of the largest possible pin, for 
if it be increased its circumference will cut AP beyond T and the 
arc of recess will be shortened. 

If the tooth be cut ofif on a line NN so as to have some width 
at the top, the arc of recess will again be shortened. If, on the 
other hand, the arc of recess and the height of the tooth be kept 
the same and the tooth be widened at the top as at K^ then the 
diameter of the pin will be decreased. 

PQ is the Umiting length of the arc of recess for the assumed 
pitch, Q being the intersection of the point of the theoretical 
tooth that works with a pin of zero diameter, with the pitch 
circle of the pin wheel. 




246. Annular pin Gears and Pin Racks. — Figs. 233 and 234 
show four possible arrangements of annular pin gears and pin 
racks. In each case the tooth should drive the pin and the driv- 
ing face of the tooth should be a curve parallel to the true curve, 
described in Art. 243, and at a distance from it equal to the 
radius of the pin. 

In Fig. 233 (a), the tooth outlines are curves parallel to the 
hypocycloid and at (6) the tooth curves, which are on the small 
wheel, are parallel epicycloids.' - 
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In Fig. 234 (a), the rack teeth are parallels to the cycloid, 
while at (b) the wheel teeth are involutes of their own pitch circle 
generated by rolling upon it the pitch line of the rack. 




Fia. 233. 



247. To Design a Pin Gear. — ^Let it be required to lay out a 

7-pitch gear of 42 teeth to work with a pin wheel of 14 pins. 

The diameter of the gear will be 42 -^ 7 = 6 in., and the diameter 




ra) 



r^b) 
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of the pin wheel 14-5-7 = 2 in. The circular pitch will be 
3.1461-^-7 = 0.448 in. 

Draw the pitch circles and space off the centers of the pins. 
Assuming the teeth to be of standard length as given by Art. 197 
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the addendum will be -f in. Then draw the addendum line of 
the gear with a radius of 3| in. 

Space o£f the teeth on the gear and describe epicycloids through 
each division point by rolling the pitch circle of the pin wheel on 
the pitch circle of the gear. 

Assume that the tooth and pin are to have the same thickness, 
that isy each equal to one-half of the circular pitch or 0.224 in. 
With this diameter draw in the pins and then from centers on the 
epicycloids already found and with radius equal to one-half the 
diameter of the pins draw the derived curve as explained in 
Art. 243. Finally with centers on the pitch line of the gear and 
with radius equal to that of the pin draw the semi-circular flanks 
of the teeth to meet the derived curves at the pitch line. 

248. Chain Gears. — These are of two forms according as they 
are used for (1) hoisting or (2) transmission. 

There are also two types, kinematically, of class (1). The 
simple or direct hoist^ like the marine windlass, for example, 
where the velocity of the lifted weight is equal to the pitch ve- 
locity of the wheel, and the differential hoist on which the velocity 
of the lifted load equals the difference in the linear velocity of 
two-pitch lines of different diameter but turning together on a 
single wheel with the same angular velocity. 

The transmission chain gear, form (2) , or the sprocket and chain, 
is used to transmit positive motion between axes that are too far 
apart to be connected by gears in direct contact, as in the driving 
mechanism of the bicycle or automobile. 

The chain drive has certain practical defects which sometimes 
make its use unsatisfactory, particularly at high speeds. Among 
these are the flapping and jumping of the chain when in motion 
and the large number of joints which by wearing, cause the chain 
to stretch so that it does not fit the sprocket wheels. 

The sprocket and chain has been used for speeds as high as 
2000 ft. per minute but it is likely to be much more satisfactory 
at lower speeds. 

249. The Hoisting Chain Wheel. — This type of chain and 
wheel is shown in Fig. 235. The wheel is so designed that every 
second link of the chain will fall into a pocket and be firmly held 
between two adjacent lugs, the alternate links lying edgewise 
in a groove on the median plane of the wheel. The circular pitch 
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is the distance between the lugs and this is equal to the combined 
length of two links. 

The diameter of the wheel depends upon the size of the chain 
and should be great enough to allow the latter to make contact 
with over half the number of lugs without being sharply bent. 
The number of lugs must be determined experimentally for a g^ven 
size of chain and when this number is known the wheel may 
be designed. 



ftlCo 



Fio. 236. 

Let P be the Inside length of a link, 
Z> the diameter of wire in the chain, 
N the number of lugs, 

6 be one-half the angle subtended at the center of the wheel 
by the pitch arc. 
Then 

„ 360" 

and from the sketch (a), 

« P+n AT P-" 

M.-^- andL=-2- 

and both of these values are known from the size of the link 
and wire. 

In the sketch (c) let the symbols mean the same as in (a) 
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where AB is equal to M and BC equals L. Extend the lines OC 
and AB, until they meet at H, and produce CB to meet OA at G. 

In the triangle BHC, angle <p=9. 

By trigonometry, BH = BC sec. <p = BC sec. ^, 

In the triangle ABG, the angle a = and BG^AB sec. fl. 

Again Ojl = (JB+S/f) cot P, in which by substituting the 
value' of BH we have, 

OA = (AB+BCsec. ^) cot fl. (1) 

By a similar process we may derive the equality, 

OC = {BC-\-BG) cot d = {BC+AB sec. 6) cot 6. (2) 

Now from the figure, 

OB = 's/OA*+AB* or VOC*+BC\ (3) 



Fia. 236. 

Using values of OA and OC g^ven by (1) and (2) and values of 
AB and BC from the known lengths of the links, and solving 
equation (3) for OB we get the pitch radius of the wheel, 

260. The Sprocket and Chain.— Fig. 236 shows two forms of 
sprocket chain, (o) the roller and (6) the block type. The pitch 
of the roller chain is the distance from center to center of the roll- 
ers and in the block chain it is the distance between either the 
middle of the blocks or the side links. The sprocket wheel for 
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the block chain has fewer teeth than for the roller chain on 
account of the lengthened pitch. 

The velocity ratio transmitted is constant and inversely pro- 
portional to the diameters or the number of teeth on the driver 
and follower. An indefinite number of pairs of sprocket wheels 
can be found for a given velocity ratio but a wheel will not work 
well if it has less than nine teeth. 

In Fig. 237, if N be the number of teeth on the wheel, P the 
length of a Unk, and a the angle whose chord is P, then a = 

360 -i- N and the pitch diameter = P -5- sin. « 





FiQ. 238. 

For a block chain, Fig. 238, let 

N be the number of teeth as before, 

A the length of the side links = 0.6 pitch generally, 

B the length of the blocks = 0.4 pitch generally, 

R Pitch radius of wheel, 

A 
P the angle whose chord is ^ > 



B 



and 



d the angle whose chord is « ' 

, , 360 

a also equals -o\r* 
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In the right triangle OCD, 

. a CD A .,. 

In the right triangle ODN, 

^ DN B 

but » = (a-/5) . 

hence sin (a — i?) = wb' 

Expanding sin (a—^), we get, 

sin a cos ^9— cos a sin P=Kp' 

Substituting in this equation the value of sin P, we have 

^ A B 

sm a cos P^Kp cos « = o»' 

from which, 

A cos a+B 



sin a cosi9 = 



2R 



- ^ A cos a-KB . 

and cos p = —i^rr-- (2) 

Dividing equation (1) by (2), we have, 

A 

r. 2R A sin a sin a . v 

^^ ^'^A cos a +B" A cos a+B~ B , ^^^ 

— ?7H'~^= ~T + COS a 

2R sm a A 

After finding the value of P from (3), the pitch diameter, which 
equals-: — g may be determined. 

In both the roller and block type of sprockets the centers of the 
pins are on the pitch Une when the chains are in place on the 
wheel. 

The outlines of the teeth above the pitch line, are arcs of circles 
drawn from the centers of the rollers, in case of the roller chain and 
from the centers of the pins in the side links in the case of the block 
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chain. The bottoms of the spaces of the roller sprocket are arcs 
of circles drawn from centers on the pitch line and with a radius 
equal to that of the roller. In the block chain sprocket, the bot- 
toms of the spaces are formed by joining these arcs by another 
arc drawn from the center of the sprocket wheel. 

The width of the teeth should be made slightly less than the 
diameter of the rollers to allow for clearance, and their length 
should be such that they will extend somewhat outside of the 
chain. 

The thickness of the teeth is arbitrary. They should be made 
somewhat thinner at the top than at the pitch line so that they 
will enter the chain when in motion without hitting against the 
side links. 




Fig. 239. 



261. Length of the Cham.— In Fig. 239, 
Let D = the distance between the centers of the sprocket 
wheels, 

A — the distance between the points of contact, 

R = the pitch radius of the large sprocket. 

R' = the pitch radius of the small sprocket. 

N = the number of teeth on the large sprocket. 

N' = the number of teeth on the small sprocket. 

P = the circular pitch. 

From the figure, 

,R-R' 



a = sm 



-i: 



D 



and 



A = D cos a. 
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Then the length of the chain will be, 

, 180+2a,-_ , 180-2a,„„ . „„ 



360 



360 



(1) 



The unsupported distance between the sprocket wheels should 
not exceed 10 or 12 ft.; on longer drives the chain may be sup- 
ported by sprocket idlers. 

A chain will run better with some slack and one of the sprocket 
wheels should be mounted on a sliding support so that the length 
of the chain may be adjusted. 

The chain drive will give the best service when the plane of the 
chain and sprockets is vertical and the axes at the same level. 

262. Interference between 
Sprocket and Chain.— Fig. 240 
shows how chains climb the 
sprocket after they are become 
worn so that the pitches do not^ 
correspond, (a) is a driven wheel 
with chain in good condition and 
(6) is the same wheel after wearing 
and stretching of the chain. If a 
sprocket is cut with some clearance tcT 
between the teeth and roller, as in 
(c), when the chain stretches it will 
take the position shown by (d) 
and the action will be practically 
as good as new. At (/) and (e) 
are shown driving sprockets, cut 
with clearance, before and after 
stretching the chain. Theoretically, each block or roller on the 
sprocket takes its share of the load, but in practice this is never 
true, all of the load being thrown on the first one or two links on 
the driving side. If the pitch of the chain is made longer than 
that of the sprocket the chain tends to fit, when new, as shown at 
(e), the rollers will work backward as wear continues, but the 
chain will work well until the condition indicated at (/) is reached. 
This increasing of the pitch will add to the life of the chain and 
may be adopted when the driving is to take place in only one 
direction. 




Fig. 240. 
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263. Adjustable Link Chains. — These are sometimes used in 
place of belts for heavy driving. At speeds below 2000 ft. a 
minute they may be made to run with very little noise and high 
efficiency. The losses are due to the internal friction of the chain 
and to its frictional contact with the teeth of the wheel. 



Two types of chain may be noted. Fig, 241, known as the 
Morse chain, has a link mounted on a hardened steel roller made 
in two parts, and as the chain bends to the form of the sprocket 
wheel the two parts of the pin roll on each other through a small 
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angle, allowing the chain to bend with very little internal friction. 

The Renold chfun. Fig. 242, has the link designed to eliminate 
the maladjustment of the chain on the sprocket wheel after wear- 
ing and stretching has taken place. The peculiar form of the 
link allows it to seat itself firmly on the pulling side of the wheel 
and to remain in that position without slipping until it is released 
on the outgoing side. 

Fig, 242 (a) shows the contact when the chun is new and (b) 
shows the same after it has become worn. 

264. Design of a Sprocket and Chain. — Let it be required to 
design a sprocket and chain drive for a center distance of 5 ft., 
velocity ratio of driver to follower to be 3 
to 1, driver to have 12 teeth and circular 
pitch to be H in. 

If a block chain be assumed, the dis- 
tance, Fig. 238, A, for this pitch, will be 
0.9 in. and B will be 0.6 in. 

From Fig. 239, 
a = 360-i-2iV = 360-^ 24 = 15 degrees 

Since from Art. 250, the relative propor- 
tions of the link and block are 0.6 and 0.4, 
^ =0.6X15 degrees = 9 degrees and tf= j^ gi* 

0.4X15 degrees = 6 degrees. 

Then the pitch diameter of the driver equals A -j- sin 9 degrees 
= 5.76 in., and that of the follower equals 3X5.76 = 17.28 in. 

The length of the chain for a center distance of 5 ft. will be, 
from formula (1) of Art. 137: 

L = ^^g^^^X36X0.15 +^^1^X12X1.5-^120X0.997 = 
154.92 in. or 12.9 ft. 

266. Face Gears. — Two pin wheels may be used to transmit 
motion between axes that are not parallel, such an arrangement 
being called a face gear, Fig. 243. This is an old form, commonly 
constructed of wood, which was used to considerable extent 
before the introduction of bevel and skew bevel gears. 

Ithastheadvantageof being easy to construct, as both the pins 
and the plates can be turned in the lathe. The pins bear on each 
other in point contact, therefore they are under the disadvantage 
of transmitting all of the pressure through a sit^le point. 
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As constructed, these gears were generally made in the form of 
two disks, exactly the same size and upon axes at right angles, 
either in the same or in parallel planes. They can, however, be 
made to work when the wheels are of different sizes and when the 
axes are not at right angles. 

If the axes are not askew the velocity ratio will vary inversely 
as the diameter of the pin circles. 

The directional relations will be the same as for the correspond- 
ing case of bevel gears. 




FiQ. 243. 



266. Shape of the Pins. — The circular pitch only, is used in 
connection with face wheels and this is the distance between 
the centers of the pins measured on the pitch circle passing 
through their centers. The shape of the pins will be determined 
by the normal distance between the axes and by the relative size 
of the pitch circles. 

The pins on one of the wheels may always be made cylindrical 
and from this the shape of the conjugate pin may be derived. 

The following variations will affect the shape of the derived pin: 

Case I. — Axes in the same plane, (a) Driver and follower 
equal in diameter, (b) Driver and follower unequal in diameter. 

Case II. — Axes in parallel planes, (a) Driver and follower 
equal in diameter, (b) Driver and follower unequal in diameter. 

267. Axes in the Same Plane. — Case I, (a) is illustrated in 
Fig. 244. Two pins, in contact at P on the line of centers, would 
be mere lines corresponding to their axes. The correct form and 
size for practical pins may be determined thus: 

Assume the upper wheel to have cylindrical pins of suflScient 
size to meet the required conditions. Place the wheels so that 
the center of the assumed pin is at P and in contact with the cen- 
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ter line of its conjugate pin iV. From this position, rotate the 
lower wheel until the distance PN equals the radius of the 
cylindrical pin plus the desired radius at the base of the conjugate 
pin. Ordinarily this distance will be equal to the diameter of the 
assumed pin. If both wheels be now rotated simultaneously in 
the direction shown the distance between the centers of the pins 
will become less as they recede from the line of centers and when 
they reach the positions G and G' their center distance will be 




Fig. 244. 



equal to the radius of the assumed pin and the conjugate pin will 
come to a point. Divide the distance L into any convenient 
number of parts and the arc P G into the same number of parts. 
Draw the horizontals P'N' and P'^N^\ etc., through the division 
points, and set off x equal to the distance PjV, minus the radius of 
the pin and y, equal to P'O, minus the radius of the pin, and so on. 
A curve drawn through the points so found will be the required 
outline of the conjugate pin. Ordinarily this derived pin will 
give satisfactory contact, but if the pins be relatively large and the 
pitch circles small then points on the derived pin should be found 
by taking the distances from its center to the point of contact 
with the cylindrical pin, along their common normal instead of on 
the parallels shown. In the figure the pitch is greater than the 
sum of the diameters of the two pins at their bases, the conjugate 
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pin is constructed from the arc of recess and the contact takes 
place on that arc. This may be seen from the fact that the cen- 
ters of the pins are further apart on the arc of approach. If the 
sum of these pin diameters be made equal to the pitch arc, then 
contact will take place during both the approaching and receding 
action. 

In Case 1 (6), where the wheels are not the same diameter, the 
shape of the derived pins will be as shown in Fig. 245, x and y, 
the smaller of which will be used. 




Fig. 245. 



If the cylindrical pins be given to the smaller wheel, it must be 
made the follower if contact is to take place on the arc of recess. 
If the cylindrical pins be placed on the Ifiirger wheel the derived 
pin will be similar in form to the one shown at y, but not so long, 
and if contact is to take place on the arc of recess the large wheel 
must still be the driver. 

268. Axes in Parallel Planes. -Case II, (a) in Fig. 246 is 
shown a pair of face gears where both wheels have the same 
diameter and both have cylindrical pins. L, the perpendicular 
distance between the axes, is equal to the diameter of a pin. 

Either wheel may be made the driver and the contact will 
take place on both the arcs of approach and recess. 

For any position of two contact pins the perpendiculars QR 
and TS are equal. The radii of the wheels being equal, the 
angles whose sines are QR-i-Rad. and TS-^Rad. are equal and 
hence the angular velocities of the wheels are equal. 
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The size and pitch of the pins must be so selected that M 
on the upper wheel will not strike against the top of iV in 
approaching the line of centers. 




FiQ. 246. 




Fig. 247. 



When the distance between the axes, L, is not equal to the 
pin diameter, one of the wheels may have cylindrical pins and 
the other conjugate pins derived from it by the method of 
Art. 243. 
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Fig. 247 illustrates Case II (b), where the diameters of the 
wheels are unequal. The cylindrical pins may here be placed 
on either wheel, but the larger wheel will always be the driver 
if contact is on the arc of recess. The shape of the pins for 
contact on the arc of recess is shown at Y, and their shape if 
contact is to be on the arc of approach, at X. Pins like that 
at X would work with contact on the arc of approach, but after 
passing the line of centers they would interfere with the cylin- 
drical pins of the follower. With the cylindrical pins on the 
large wheel, or driver, Y would still be the correct pin for con- 
tact on the arc of recess and X would cause interference on 
that arc. 

269. Irregular Gears. — A classification that would include all 
irregulfiir gears would be difficult to make because of their great 
variety. Such gears are generally used to transmit either (a) 
an intermittent motion, (b) a variable velocity or (c) both of 
these together. 




In Fig. 248 is illustrated one form of an intermittent gear. 
While A turns through the arc CFD it will drive B through as 
many revolutions as the whole number of the teeth on B are 
contained times in the teeth on the arc CFD. While A turns 
through the arc CD, the wheel B will remain at rest. 

A fault of this construction is the tendency of the wheels to 
jam when the teeth go into action. The jamming can be avoided 
by making the wheels as shown in Fig. 249, A being the driver, 
no motion is transmitted to B, while A is turning through the 
arc CFD, A portion of B is cut away so that it is locked from 
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motion in either direction until the pin at C engages the catch, 
then the teeth are thrown into contact, and while A turns through 
the arc CD it drives B. By regulating the number of teeth on the 




Fig. 249. 

wheels, the amount of motion transmitted can be varied at 
pleasiu'e. 
260. Gears for Variable Velocity Ratio. — These may be divided 





Fig. 250. 



into three classes: (a) Dissimilar pitch lines; (b) unsymmetrical 
pitch lines; (c) symmetrical non-circular pitch lines. 

An example of class (a) is shown by Fig. 260 (a), which may 
represent any two curves capable of acting together in rolling 
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contact. At Fig. 260 (6) is shown a pair of nnsymmetrical pitch 
lines. Such pitch lines are commonly made up by putting to- 
gether one or more regular curves as the logarithmic spiral or 
the elliptical arc. In all gears having non-circular pitch lines 
the teeth should be placed so that the center line of each tooth is 
perpendicular to the tangent to the pitch line at that point. 
With such an arrangement of the teeth, the obliquity of action 
will be greater at certain parts of the contact than at others and 
the pitch lines should be so selected that its maximum value 
will not exceed from 40 to 50 degrees. 

Mating gears on symmetrical pitch lines, whether similar or 
dissimilar in form, may be made to work together. If teeth be 
given to any of the lobed wheels, of Arts. 157 to 161, they will 
belong in the class of synmietrical, non-circular gears. 

261. Elliptical Gears. — Whenever it is required to produce a 
simple variation in speed between fixed limits, the velocity ratio 
between those limits being unimportant, a pair of elliptical gears 
may be used with pitch surfaces that are either elliptical cylinders 
or cones, according to the relative position of the axes. 

Such gears furnish a convenient method of producing the quick 
retiu'n motions used on metal-cutting machines of the recipro- 
cating type, which have a slow powerful motion on the forward, 
or working, stroke followed by a rapid motion on the return 
stroke. 

The teeth of elliptical gears may have any form that is applica- 
ble to spur gears, the involute being most generally the one used. 
Theoretically, each tooth outline varies with its position on the 
gear, no two consecutive teeth being alike. The labor and ex- 
pense of making so many different teeth would be so great that 
it is common to approximate the elliptical pitch line by four 
circular arcs and construct all of the teeth on each of these arcs 
as for spur gears. 

262. Contact and Velocity Ratio. — Elliptical gears are made 
for external contact only, hence the gears rotate in opposite 
directions. 

The contact and velocity ratio depend upon whether the center 
of rotation is taken at: 

(a) The foci, or 

(b) The center of the ellipse. 
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Fig. 251 illustrates the case where each ellipse rotates about 
one of the foci as a fixed center. The velocity ratio varies 

between the limits Typr and tjtV)/ and has one maximum and one 

minimum value in each revolution. 




Fig. 251. 

The contact is mixed rolling and sliding, the locus of contact 
being along a line which varies with the curvature of the ellipse. 
For an involute tooth this is not straight; as in the case of spur 
gears, its form must be determined by trial for each gear. 

The driving action is positive during that part of the revolution 
in which the contact radii of the 
driver are increasing in length. 
During the balance of the revolu- 
tion the teeth may be held in 
contact by means of a link as 
shown by Fig. 49. 

If the center of rotation is taken 
at the center of an elUpse, the 
velocity ratio will have two maxi- 
mum and two minimum values in 
each revolution. The teeth will 
act upon each other with rolling 
and sliding contact and the gears 
can be made to drive each other positively during a whole 
revolution. 

263. To Lay Out a Pair of Elliptical Gears. — Given two axes 
4 in. apart which are to be connected by a pair of elliptical gears 
having velocity ratios that vary between the limits f and f . 




Fig. 252. 
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Let the gears be arranged to rotate around two fixed foci and 
suppose them to have standard, three-pitch, involute teeth. 

Laying off the line of centers by the method of Art. 151, the 
gears will be found to have contact radii of IJ in. and 2J in. 
at the limits. The major axis will be 4 in., the focal distance 1 in. 
and the minor axis 3.88 in. long (Fig. 252). 

The circular pitch will be 3.1416-^-3 = 1.05 in. approximately. 

The circumference of the ellipse will be3.1416X-J — ' — = 12.5 

in. nearly. 

This will give approximately twelve teeth and if it is required 
that there shall be an odd number of teeth, thirteen may be taken 




Fig. 253. 

and the circular pitch decreased the small amount necessary to 
give this number. 

Divide the pitch ellipse into 13 equal parts, space off the teeth 
and draw their center lines all normal to the pitch ellipse. Calcu- 
late by Art. 197 a standard addendum and dedendum and draw 
the addendum and dedendum ellipses. Divide the ellipse into 
four sectors, AB, BCj CD and DA and find centers of circular arcs 
which coincide with the part of the ellipse from AtoB and from C 
to D. Draw an involute to this base arc, make a templet for it, 
fasten it at the center of the arc and beginning at the major axis 
draw teeth between A and B and between C and D, each tooth 
outline being drawn symmetrical with its center line. Then find 
a new arc for the flat parts of the ellipse and proceed as before. 
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For cycloidal teeth, two describing circles will generally be 
sufficient, one at the major and one for the minor apex of the el- 
lipes. The radius of such describing circles must be equal to or less 
than the radii of the approximate circular arcs for these positions. 

If the gears are to rotate about the centers of the pitch ellipses, 
the center lines of the teeth may be drawn by first drawing a 
circle of reference outside of the pitch ellipse as shown in Fig. 253. 
Take the center point of any tooth on the pitch ellipse, as P, and 
on the major and minor axes locate the points A and B so that 
PA will equal the semi-major and PB the semi-minor axis. The 
center lines of the teeth are then drawn through the points A and 
B and the division points on the reference circle, and the tooth 
outlines are placed symmetrical with these lines. These teeth 
will not all be normal to the elliptical pitch line but if they are 
carefjLiUy laid out they should work fairly well. 

264. Making Elliptical Gears. — With proper apparatus these 
teeth may be formed by any of the methods applicable to spur 
gears. If the rotary cutter of Fig. 183 (a) be used, a theoretically 
different size and shape will be required for each tooth on the 
gear. As it would be impractical to use a different cutter for 
each tooth, a single cutter may be selected as follows : In Fig. 252, 
average the radii of the circular arcs AB and BC and then select a 
cutter for a diameter equal to twice this average. 

As a pair of elliptical gears are always made the same size the 
same cutter will be used for both gears. 

If a gear is centered at the focus the teeth must be cut so that 
their center lines are all perpendicular to the pitch line, as in Fig. 
251. This may conveniently be done by means of the elliptical 
chuck an arrangement which brings the cutter up normal to the 
pitch line opposite every space. 

When the center of rotation is at the center of the ellipse and 
the latter is quite flat, the pitch lines tend to separate at four 
points as between A and B. This may be corrected by shorten- 
ing the radius of curvatiu^e between these points so as to give 
the ellipse the form shown by the dotted lines. 

If the number of teeth on the gear is even they must be cut so 
that the center line is tangent to a tooth at both ends of the 
major axis. If the number of teeth is odd the major axis will 
split a tooth at one end and a space at the other. 
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PROBLEMS 

1. A 4-pitch, cydoidal, annular gear is 16 in. in diameter and its pinion is 
5 in. in diameter. Teeth standard size and maximum angle of obliquity 
15 degrees. Find the size of the describing circles to give secondary contact 
and design the gears. 

2. One of a pair of bevel gears is 4 in. in diameter. The velocity ratio is 
f and the angle between the axes is 90 degrees. Find the pitch cones and the 
diameter of the other gear. 

3. If the gears in (2) are 5-pitch, find the number of teeth and the outside 
diameter of the gear blanks. 

4. Lay out the teeth by Tredgold's approximation and show them on a 
side and front elevation of the gears. Involute teeth. 

5. A pair of skew bevel gears are to be designed on axes that make an 
angle of 30 degrees, the perpendicular distance between the axes being 6 in. 
If the gears have 5-pitch standard, involute teeth and the velocity ratio of 

^ the driver to follower is 3 to 2, determine the gear blanks and lay out the 
teeth. 

6. A pair of elliptical gears have a major diameter of 5 in. and a minor 
diameter of 3 in. If the teeth are approximately 6-pitch and the velocity 
ratio varies from i to f, find the distance between the fixed foci and the 
number and size of teeth. 

7. Design a 2-pitch pin wheel to work with a gear of 60 teeth, velocity 
ratio to be 5 to 1. Make the teeth and pins the same thickness at the pitch 
line and locate the cusp of the tooth. 

8. A chain wheel is to have 14 lugs and the circular pitch is 2} in. If the 
diameter of the wire in the chain is i in., find the diameter of the wheel. 

9. Design two sprockets and a chain for a 1-in. pitch and a velocity ratio 
of driver to follower of 3 to 1. Small sprocket to be 3 in. in diameter. 

10. The axes of a pair of face gears intersect at right angles, one wheel has 
24 pins and the other 12. Smaller wheel to have cylindrical pins. If the 
circular pitch is 1 in. and the diameter of the pins is i in., find the velocity 
ratio of driver to follower and the shape of the pins on the larger wheel. 



CHAPTER XII 

HELICAL GEARS 

266. Classification. — The gears which are to be discussed in 
this chapter have been variously designated by difTerent authors 



(a) 




(d> 



Fio. 254. 



as spiral gears, helical gears, screw gears and twisted gears. 
These names are often confused or used synonymously. 

The following classification is based on the discussion by Profes- 
sor MacCord. 
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Helical or spiral 
geara 



Twisted gears 



^ Screw gears 



i 



r Single twisted gears, Fig. 254 (a). 
' Double twisted or herring-bone 
gears, Fig. 254 (6). 
Worm gears, Fig. 254 (c). 
The type commonly called spiral 
gears, Figs. 254 (c) and (d). 

The name spiral gear, which was used by Hooke to designate 
the twisted helical gear, is in a sense erroneous. The geometrical 
spiral, which is a plane curve, does not enter into its construction. 
Spiral is used rather in the loose sense of a "spiral screw thread'' 
or a "spiral staircase." The tooth elements are in fact portions 
of a helix. 

The slope of the helical tooth elements may be either right or 
left hand. A right-hand tooth, when viewed from the end of the 
pitch cylinder, slopes upward to the right and a left-hand tooth 
slopes upward to the left. 

The outlines of the teeth, on the plane of reference, are of the 
involute form as a matter of convenience but not of necessity, 
any of the tooth forms that are suitable for spur gears can be used 
for helical gears. 

Helical gears are much used when a great change in velocity 
is required and where noiselessness and smoothness of action at 
high speeds are of prime importance. 

266. Relation of Ao^es. — The helical angle is the angle made by 
the tooth helix with a line parallel to the axis of the gear (a, Fig. 
255). 

Three arrangements of the axes are to be noted: 

(1) Axes parallel. 

(2) Axes askew. 

(3) Axes at right angles. 

Fig. 255, (a) and (b) illustrate the first arrangement. At (a) 
the helical angles are equal and one is a right-hand helLx and the 
other left. This corresponds to the single twisted gear of Fig. 
254 (a). 

At (6), each gear has a right- and a left-hand helix which meet 
on the median planes of the wheels. This is the double twisted, 
or herringbone gear, shown in Fig. 254 (b). 

In Fig. 256 (a) and (6), the axes are askew and the helical angles 
are unequal. At (a), one of the angles is right hand and the other 
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left hand and the angle between the axes is equal to the difference 
of the helical angles. Fig. 254 (c) is a special case of the same form 
in which the helical angles sre both 45 degrees, the axes beii^ 
therefore parallel. 
At (b) both of the helical angles are the same hand and the 
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ai^le between the axes is equal to the sum of the helical angles. 
Fig. 254 (d) is a special case of this form, where the helical angles 
are made 45 degrees, and the axes 90 degrees apart. 

At (c) the helical angles are the same hand but one is much 
larger than the other. The sum of the angles is equal to the angle 




between the axes, which ia always equal to 90 degrees. This cor* 
responds to the worm gear. 

267. Twisted Gears. — If a spur gear be cut by several planes 
all perpendicular to the axis and each portion between the planes 
be then turned separately through a small angle, until the tooth 
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elements are not continuous lines, the result will be a stepped 
gear, Fig. 257. When the steps are so close t(%ether that the 
elements are practically contiauous they will be portions of a 
helix and the tooth will be a twisted gear tooth. 

In action, these teeth do not come into contact with the mating 
teeth at once over their whole length, as do spur teeth. The 
contact begins on one side of the gear 
and moves across its face to the other 
side, along the helical elements. 

If we consider the sections of a pair 
of mating teeth made by a plane per- 
pendicular to the axes, the action be- 
tween these sections will be precisely 
FiQ. 257. like that of spur teeth. Now if the 

outer ends of the teeth be cut away 
so that these tooth sections do not make contact except at the 
pitch point, thea the contact at that instant will be pure roIUng. 
As contact proceeds from one side of the gear to the other, each 
pair of mating sections thus passes the pitch point in rolling con- 
tact, hence the whole tooth is in rolling contact. 
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A pEur of twisted teeth made as above, furnishes the angle 
instance, referred to in Art. 46, of piue rolling contact, constant 
velocity ratio and positive driving action combined. These 
gears should not be confused with screw gears, which they 
resemble only in appearance. There is an exception to this, 
however, in the case of the screw gear of Fig. 254 (c), the tooth 
action of which is like that of a twisted gear. 

268. Tooth Helix and Normal Helix.— In Fig. 258, AB ia 
a tooth heUx and a is the helical angle. CD perpendicular to AB 
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is the normal helix and /? is the normal helix angle. In twisted 
gears the helix angles are the same for both driver and follower. 
The plane of reference for studying the tooth outlines is here taken 
on the normal helix and not on a section perpendicular to the axis 
of the gears as with spur gears. 

The smaller the helix angle is made the nearer the gear 
approaches to a spur gear. The best efficiency is obtained when 
this angle is made such size that the end of one tooth just overlaps 
the next one, hence the wider the face of the gear is made the 
smaller the helical angle required. It is good practice to make 
this angle 20 degrees and angles all the way from 12 to 30 degrees 
are copamon. 

269. Pitch and Velocity Ratio. — The pitch of all helical gears, 
twisted gears included, has two forms, the true pitch and the 
"normal" pitch. The relation of these pitches may be briefly 
put in the following form: 



Circular 
Diametral 
Circular 
Diametral 
The relation between the normal and the true pitch is, 



True pitch 
Normal pitch 



Normal pitch -, rxi. i. r i i 
— ip :— y— = Cos. of the helical angle. 

The relation between the ciicular and diametral pitch is, 

Circular pitch X Diametral pitch = 3. 14 16. 

The true circular and diametral pitches have the same meaning 
that they had in spur gearing but the normal circular pitch is 
measured on the normal helix. (The normal diametral pitch is 
therefore, by definition, the number of teeth per inch of diameter 
on a pitch circle whose length is equal to the normal helix.) This 
length is measured between two intersections of the normal helix 
with the same tooth helix and is equal to the pitch circumference 
of the gear multiplied by the cosine of the helical angle. 

The normal pitch is the same for both driver and follower and 
the contact between the teeth is made on the normal, rather than 
on the section perpendicular to the axis, the normal pitch is 
therefore used to designate the size of the teeth. 
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The velocity ratio of twisted gears is the same as for spur gears, 
that is it is proportional to the diameters or the number of teeth. 

270, Herringbone Gears. — If two twisted gears, one being 
right hand and the other left, be fastened together side by side, 
the result will be the herringbone gear of Fig. 255 (6). 

Gears of this form possess all of the advantages of single twisted 
gears and in addition the end thrust is eliminated by the double 
slope of the teeth which may make any convenient angle with the 
axis, up to 45 degrees. 

Owing to their form, these teeth possess great strength so that 
it is possible to make pinions of fine pitch and consequently of 
small diameter. For this reason, herringbone gears make satis- 
factory reduction gears for high speed rotary blowers, compressors 
and steam turbines. Pinions with as few as 12 teeth and giving 
a velocity ratio of 20 to 1 are not imcommon. 

For coarse pitches as in mill rolls the gears may be made by 
casting but when the pitch is fine and the work requires consider- 
able accuracy some form of the cutting process is used in making 
them. 

The gears may be cut with two rows of teeth, sloping in oppo- 
site directions, on the same blank and with considerable space 
left between the rows into which the cutting tool can run. They 
are also sometimes made by joining two single twisted gears 
together so that the teeth meet on a median plane or the teeth 
may be staggered so that a tooth on one side of the median 
plane is opposite a space on the other. 

271. To Design a Pair of Twisted Gears. — ^Let it be required to 
design a pair of 4-pitch twisted gears for a velocity ratio of 4 to 
1, axes to be 12i in. apart. 

Let a, the angle of the tooth helix be approximately 20 degrees 
and the pitch diameter of the gear and pinion be 20 and 6 in. 
respectively. 

The normal circular pitch will be 3.1416 divided by 4 = 0.7854. 

The true circular pitch will be 0.7854 -^ cos a = ^0097= 0.8250. 

The pitch circumference of the gear will be 3. 1416 X 20 = 62.832. 
The pitch circumference of the pinion will be 3.1416 X5 = 15.71. 
The number of teeth on the gear, using the values given for the 

pitch and helical angle, will be ^ ^orn ~ 76.25. 
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15.71 
For the pinion the number of teeth will be ?fQbKA~ 1^-05. 

Each gear must have an integral number of teeth and the pitch 
having been fixed it will be necessary to correct the helical angle. 
This may be done as follows: 

62.832 

-=^ — = 0.8267 the corrected true circular pitch. 

_, ^, ^ . normal circular pitch 

Then the corrected cos a = . , . . .. , 

corrected true cir. pitch 

or 

^ , ^ 0.7854 ^^^^^ 

Corrected cos a = ^ ^n^j = 0.9500. 

The helical angle corresponding to cos 0.9500 is 18® — 10'. 

The number of teeth for which to select cutter for the gear 

will be 

-.J^ 76__ 

Cos.' a 0.8570"°'' 

And for the pinion = fTo c^r = 22. 

The proportions of the gear teeth are calculated from this point 
on the same as for spur teeth. 

272. Screw Gears. — Screw gears resemble twisted gears in 
having helical tooth elements but the similarity ends there for the 
contact and velocity ratio are quite different. 

If a pair of spur or twisted gears be cut by a plane perpendicular 
to the axes, a pair of mating tooth sections in that plane, will 
at the instant of passing the pitch point, be moving in the same 
direction with respect to that point. A similar pair of mating 
sections on two gears will be moving in diflferent directions at the 
instant of passing the pitch point and these directions will de- 
pend upon the helical angles. It follows therefore that two screw 
gear teeth cannot pass the line of centers, in contact, without some 
sliding upon each other along the contact elements. This sliding 

^ The cutter is selected, not for the actual number of teeth on the gear, but 
for the number of teeth that a spur gear of the same pitch would have if its 
radius were equal to the radius at the flattest part of an ellipse. The 
ellipse being formed by taking a section of the gear on a plane tangent to the 
normal helix. A demonstration of this may be found in Machinery for 
April, 1908. 
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is illustrated by Fig. 269 where AB represents a pair of helical 
gear teeth, located between the axes and in contact at the point P. 
If gear C is driving in the direction shown, the normal pressure 
between the teeth tends to move the tooth of D in the direction 
PN, but the tooth is constrained by the axis of its pitch surface, to 
move in the direction PK. At the same time the driving tooth 
on C is constrained to move in the direction PL. Then NK rep- 
resents the sliding of the point of contact on D and NL represents 
the sliding on C and NL+NK is the total amount of sliding 
between the teeth. 
As the angle between the axes, O-^-O', which is equal to the angle 

LPKy increases, the amount of slipping 
between the teeth increases, as is 
shown by the lengthening of LNK. 

273. Worm Gears. — A worm is a 
helical gear of relatively small dia- 
meter having a helical angle so large 
that a tooth makes a complete con- 
volution about the axis in a distance 
which is equal to the circular pitch 
of the teeth. The mating gear is 
called a worm wheel, its diameter is 
large compared with that of the worm 
and each tooth is a short portion of a 
helix the angle of which is the complement of that of the worm. 
The whole mechanism is popularly known as the "endless screw." 
The worm is generally the driving element and unless the helical 
angle of the wheel is greater than the angle of repose of the mate- 
rials in contact, the wheel cannot be made to drive the worm. 
This property is in certain cases one of the advantages of the 
mechanism, for example in the windlass or elevator, it sometimes 
serves as a locking device and prevents the machine from run- 
ning backward. 

The principal defect of the worm gear is its wastefulness of 
power when used for transmission, especially for slow and powerful 
motions. For light loads and in adjustment motions where the 
force transmitted is of no consequence it is less objectionable and 
makes a very useful device. 

There are three classes of worm gears: (I) Wheel with straight 
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teeth. The teeth set on the wheel at an angle which is the com- 
plement of the helical angle of the worm. (II) Wheel with 
helical teeth fitted accurately to the thread of the worm. (Ill) 
The Hindley or hour glass worm gear. 

274. Contact ci Wonn Geara. — Fig. 260 shows a section of a 
worm and wheel in mesh, (a) being a section at LL perpendicu- 
lar to the axis of the worm and (b) a section at AA through the 
median plane of the wheel and containing the axis of the worm. 
Supposing the gears to have involute teeth, then this section of 
the worm will be like that of an involute rack and the corre- 
sponding section of the worm wheel will be like that of an invo- 
lute gear proper to mesh with the rack. Pass a number of planes 
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D, B, C, and E, parallel to AA and very close together. Then 
the tooth sections cut from worm and wheel by any two consecu- 
tive planes will be practically alike but each pair of mating sec- 
tions, as shown at (b), will be a Httle in advance of the preceding 
pair. This means that if the worm be rotated on its axis, the 
driving effect on the wheel will be precisely like that of a rack 
driving a pinion, contact between the tooth sections taking jilace 
along the line FG and moving from root to point of tooth. Con- 
tact between the tooth sections of worm gears, however, does not 
take place on planes parallel to, or through the axis of the worm, 
but on planes which are normal to the helical tooth elements. 
Since the angle between the axial and normal planes is small the 
distinction is of no great practical importance. 
We have already stated that the line of action for tooth sections 
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on AA is the line FG.^ On sections BB or CC this line of acidon 
will be curved as shown at HH, Fig. 261, and the farther the aec< 
tion is taken from the median plane the more the fona the line of 
action will depart from that of FG. 
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If all these lines of action be projected horizontally upon the 
worm the result will be an irregular figure KA'K'A", Fig. 262 (a). 
If projected vertically upon the worm, the surface shown by 
Fig. 262 (&) would result. This might be called the surface of 
contact, that is it is the surface that would be generated by the 



line of contact between the worm thread and one wheel tooth as 
the latter moves through the arc of action. The contact at any 
instant will be on a line formed by the intersection of this surface 
and the curved faces of the teeth. At the instant of passing the 
line of centers this contact line will be ramilar to KK', Fig. 263 (a). 

' Thii diicusdoa vu Bnt publbhed In tbs AmsriflBD M>diilU*t. 
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Owing, however, to the elasticity of the materials in contact this 
line will have some breadth so that the contact is actually on a 
surface of no great width, as at KiK2 in Fig. 263 (6). 

Ini the Hindley worm gear, Fig. 264, the pitch surface of the 
worm instead of being a cylinder is made so as to fit the circum- 
ference of the wheel. In the section shown, the addendum, pitch 
and dedendum lines of the worm are circular arcs drawn with 
radii equal to those of the wheel, and the sections of the threads 
are placed radially to the wheel. It is claimed that this arrange- 
ment allows the sections of the worm thread to completely fill 
the spaces between the wheel teeth so as to give surface con- 
tact. In consequence of this the Hindley worm gear is said to 
have greater smoothness of action, greater durability and 
efficiency. 

While the contact may be somewhat nearer to surface contact 
when the gear is new, very accurately made and adjusted, in or- 
dinary cases it is probably not very different from the worm gears 
of Class II. After the gear becomes worn or when not adjusted 
so that the smallest diameter of the worm is over the center of 
the wheel the worm threads are likely to interfere badly with the 
teeth of the wheel. 

276. Pitch, Velocity Ratio and Directional Relation, Worm 
Gears. — Pitch, as applied to worm gears should be taken to mean 
the circular pitch. On the worm it is called the axial divided pitch. 
In Fig. 265, M is the circular pitch of the worm wheel and R is 
the axial divided pitch of the worm. These distances are equal 
and correspond to the circular pitch of a spur rack and pinion. 

When the worm makes one complete revolution it drives a 
wheel tooth through the distance M. Therefore when the worm 
has only one thread, or tooth, the velocity ratio of the worm to the 
wheel is the reciprocal of the number of teeth on the wheel. Thus, 

if a wheel has 40 teeth the velocity ratio will be be jtt 

Sometimes the worm is made with two or more threads in a 

single pitch distance as if a single thread were divided into several 

2 3 
parts. The above velocity ratio would then l^® Ta or ttv as the 

case might be. 
The direction of rotation of a worm wheel is at right angles to 
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that of the worm and in Fig. 265, for example, if the worm has 
right-hand threads and be rotated when viewed from the right- 
hand end, in the clockwise direction, the wheel will also turn in the 
clockwise direction. If the thread of the worm be left hand or if 
it be placed below the wheel the directional relation will be reversed. 

276. DeMgn of a Worm and Wheel. — Suppose it is required to 
lay out a worm and wheel with a velocity ratio of 40 to 1. Let the 
worm have a single thread and the circular or axial pitch be 2 in. 

The worm wheel will have 40 teeth and its diameter will be 

3.1416"''^-^' 



Fig. 265. 

The diameter of the worm at the pitch line may be taken at 
from one and one-half to three times the pitch, let us say 6 in. in 
this case. 

jay off \ 

Through 0' draw i^N' the center line of the worm, then draw the 
pitch lines TT and 7"7", 6 in. apart. Draw SS the pitch circle 
of the wheel, 25.5 in. in diameter. Calculate the addendum and 
dedendum as for spur gears and draw in the tops and bottoms of 
the teeth as shown. 

Take a section UL through the median plane of the worm and 
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wheel. This section will be like that of an involute spur wheel 
and rack. 

Draw the pressure lines FG and F'G^ making an angle of say, 
15 degrees with the tangent to the pitch circle and lay ofif the 
base circle of the wheel tangent to FG or F'G', Describe an in- 
volute on this base circle, make a template to fit the involute 
curve, space off the teeth on the pitch line and draw in the wheel 
tooth outlines. The sides of the worm teeth on this section will 
be straight lines perpendicular to the pressure lines. For any 
other section the tooth outlines may be found by projection, if 
necessary. The face W of the wheel may be made from one and 
one-half to two times the circular pitch. The angle is commonly 
made 60 degrees. OQ is the throat diameter of the wheel. 

277, Spiral Gears and their Contact — ^The term, "spiral gear" 
is here used to designate the class of helical gears shown in Fig. 
256 (a) and (6). 

The helical angles of these gears are made anywhere from 12 to 
45 degrees, the larger angle tending to give the best efficiency with 
the least wear. 

Contact between the teeth of spiral gears is almost undefinable, 
it appears to be at once the pure sliding contact of the worm gear 
and the mixed rolling and sliding contact of the spur gear. 

Assume the driver to be cut by a plane normal to the teeth and 
the follower to be cut by several such planes, all very close to- 
gether. A section of the driver's tooth on the cutting plane will 
make contact at a particular instant, with a section in plane 
number one, through the follower's tooth, the contact tending to 
progress along a line of action similar to FG in Fig. 265. At the 
next instant this section of the driver's tooth will be in contact 
with the section in plane number two of the follower's tooth and so 
on to each succeeding section untilthat section of the driver's tooth 
has passed out of the arc of action. 

The fact of the contact being on a normal instead of an axial 
section is made more prominent with this class of gears than with 
worm gears because the angle between the normal and axial sec- 
tions is greater. 

278. Pitch and Velocity Ratio of Spiral Gears.— The true 
circular pitch of a spiral gear is measured on the pitch circiun- 
ference of the gear and in a direction which is perpendicular to 



SPIRAL GEARS 



275 



the axis. The true diametral pitch is equal to 3.1416 divided by 
the true circular pitch. 

The normal circular pitch is measured on the normal helix and 
is equal to the length of the helix divided by the number of teeth. 
The length of the normal helix is equal to the pitch circumference 
of the gear multiplied by the cosine of the helical angle 0^ Fig. 266. 
Then the normal diametral pitch will be the number of teeth per 
inch of a diameter on a pitch circle, equal in length, to this 
normal helix. Its value may also be found by dividing 3.1416 
by the normal circular pitch. 




Fig. 266. 



The normal circular pitch governs the size of the teeth and is 
the same for both gears of a pair but the true circular pitch is not 
necessarily the same on driver and follower. 

The number of teeth on the gear is equal to the pitch circum- 
ference divided by the true circular pitch. 

In designing a pair of spiral gears, that one which has the larger 
helical angle should be made the driver. 

Let A and B, Fig. 266, have helical angles of and 0'^ while R 
and R' represent their radii and N and N' the revolutions per unit 
of time. Suppose the linear velocity of a point of contact P, on 
the driver A , to be represented by the length PD. Resolving this 
motion into its components, PG equals the velocity of sliding along 
the tooth elements and PF along the normal helix, represents the 
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motion transmitted. PF is the same for both driver and follower. 

Now PD = 2nRN, 

and from the figure, 

PF=PD cos e = 27tRN cos 0. 

Also, since PF=P'F', 
FF'=27:RN cosd. 

From the figure, the linear velocity of the point of contact on B 
is shown by the distance P'D\ 

Again P'F'=P'Z)'cos d' or by transposing, and substituting for 
P'F' its value, 

2R N cos 0, 



P'D' = 



cos 6' 



The number of revolutions made by B is equal to the linear 
velocity of P' divided by the circumference. 
That is, 

.,, 27:RNcosd . _, N(R co8d) 
COS 6' R' COS 0' 

and 

N R' cos 6' , 

N'" Rcosd ^^^ 

Expressed in words, the angular velocity ratio of a pair of spiral 
gears is inversely proportional to the product of their radii by 
the cosine of their helical angles. 

If both d and 0' are made equal to 45 degrees this formula 

N R' . . 
becomes Vr7 = ^ which is the same as for spur gears. 

279. Design of Spiral Gears. — This problem may be stated in 
either of two ways as follows: 

(a) The diametral pitch, the number of teeth and the angle 
made by the axes given to determine the helical angles, the diam- 
eter of the gears and the distance between the axes. 

(b) The distance between the axes, angle made by the axes, the 
velocity ratio and the pitch given to find the diameters of the 
gears, the number of teeth on each gear and the helical tooth 



SPIRAL GEARS 277 

angles. The limitation being also given that the teeth shall be 
cut with standard stock cutters. 

Case 1. — ^Let it be required to design a pair of gears having 
18 and 45 teeth, the angle made by the axes being 60 degrees and 
the normal pitch 6. 

Suppose the larger gear to be the driver and to have a helical 
angle of 40 degrees. Then if the gears are both made the same 
hand, as in Fig. 256 (6), the helical angle of the follower will be 
60-40 = 20 degrees. 
The true diametral pitch of the driver will be 

^ ^ =7.83. 



cos 40° 0.766 
Its pitch diameter will be 

^^ = 5.75 in. 

The true diametral pitch of the follower will be 

6 6 



cos 20° . 939 
Its pitch diameter will be 



=6.4, 



^^ =2.81 in. 



6.4 
The distance between the axes will be 

5.75+2.81 ._-. 
2 =4.28 m. 

Case 2. — Suppose in this case that the gears are to have an 
angular velocity ratio of trii "Tj. = 7- Suppose the angle be- 
tween the axes to be 10 degrees and the perpendicular distance 
between them to be 6 in. 

If one of the gears be made with a right-hand helix and the 

other left, as in Fig. 256 (a), the helical angles may be 40 for the 

driver and 30 for the follower. 

•r» i. 1 / \ A_x i^>i ^ R' cos d^ 

By formula (a), Art. 164, Ty> = -n a' 

•^ ^ '' ' N' R cos 6 
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N 5 
But ^ =^ in the present example, therefore 

R' cos d' 5 ^ ... 

r> z" = ^) from which 

R cos 7 

R' 5 cos 30 5X0.866 

ie ~7 cos 40"7X0.766~^-^^' 

We have then to determine two radii whose sum is 6 and whose 
ratio is 0.81. These radii will be 3.32 for the driver and 2.68 
for the follower and the corresponding diameters will be 6.64 and 
5.36 in. 

The cutter is to be selected from the normal diametral pitch, 
any one being taken that is coarse enough to give the required 
strength to the teeth. Suppose an 8-pitch cutter to answer the 
present requirement. 
Then the true diametral pitch of the driver will be 

cos 40° 0.766 ^^ ' 
and the true diametral pitch of the follower will be 

8 8 



cos 30° . 866 



= 9.25. 



The number of teeth on the driver will be 6.64X10.4 = 69 and 
the number of teeth on the follower will be 5.36X9.25 = 60. 

In case the number of teeth does not come out a whole number 
a fraction of a tooth may be added or subtracted and a slight 
change made in either the helical angle or the velocity ratio. 

The number of teeth for which to select the cutter for the driver 
will be 

'' ^' =153 



cos^ 40° . 450 
and for the follower 

50 50 



= 77 



cos«30° 0.650 

280. Manufacture of HeUcal Gears. — The various kinds of 
helical gears are made by one of three methods: (1) cSrSting, 
(2) cutting, or (3) bobbing. 
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Casting the gears is a somewhat more difficult process than for 
spur gears because of the difficulty of getting the teeth of the 
pattern out of the sand. Herringbone gears for mill rolls and 
heavy worm gears for marine windlasses are sometimes made 
by this process. 

The teeth of helical gears may be made by either the milling or 
planing process. The operation is not different from that of 
cutting spur teeth except that the gear blank must be given a 
slow rotary motion while the tool is cutting so as to give the 
helical form to the teeth. 

The following difficulties and inaccuracies are met with in 
cutting helical gear teeth: 

(a) When the gears are of small diameter, there is a dif- 
ference between the helical angle at the top and bottom of the 
teeth. It is common to take this helix at the pitch circle, but as 
this gives a slightly undercut tooth some makers prefer to use the 
helix at the bottom of the tooth. 

(b) The rotation of the blank must be such as to give 
exactly the right angle to the tooth helix, otherwise the contact 
between a pair of teeth will be bad. 

(c) With milled teeth it is generally convenient to use the 
same standard cutter as for spur gears of the same pitch. Since 
the number of teeth in a gear is not always in proportion to the 
diameter, the circumference cannot usually be divided into a 
whole number of teeth by the standard cutters at hand, the 
diameters or spiral angles must therefore be readjusted so as to 
give an integral number of teeth. 

Hobbed gears are made as already described under spur gears 
except that the hob is set at a different angle to the plane of 
rotation of the wheel to allow for the angularity of the teeth. 
In bobbing worm gears, the hob and wheel are so mounted 
that they can be rotated separately and their axes at the same 
time gradually brought nearer together. The hob and wheel 
should be driven independently of each other and it is good 
practice to first gash the teeth with a circular cutter before using 
the hob. The hob should be kept sharp. If these points are not 
attended to, unequally spaced teeth may result or the number of 
teeth produced may be different than what was intended. The 
w^orm wheel fails to follow up properly when the worm is first 
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starting the cut if the hob is allowed to drive the wheel blank. 
When hobbed teeth are rough, showing "flats" or ridges along 
their elements, they may be much improved by grinding. This 
can be done by running the wheel with a hardened worm using 
graphite or some similar substance between the teeth. 

In cutting the worm, the side of the cutting tool for involute 
teeth should be straight and the tool should be set to make an 
angle with the axis, equal to the helical angle of the worm. 

PROBLEMS 

1. Design a pair of herringbone gears for a velocity ratio of 10 to 1, the 
smaller gear being the driver and having 24 4-pitch, involute teeth. 
Helical angle to be 25 degrees on the driver. Allow } in. on the median 
plane for the cutter to run out, and determine the best width of face and 
the proper cutter for the teeth. 

2. The radii of a pair of spiral gears are 2 and 4 inches respectively, the 
spiral angles are, driver, 31 degrees, right, follower, 17 degrees left. If the 
pitch is 8, find the number of teeth on each gear and the velocity ratio. 

3. Find the velocity ratio in (2) if the axes are parallel. If they make an 
angle of 90 degrees. 

4. A pair of 6-pitch spiral gears are 4 and 7 in. in diameter and transmit a 
velocity ratio of 3/2. Find the number and length of teeth, the spiral 
angle, the normal and real circular pitch and the angle between the shafts, 
supposing the spiral angles to be both right hand. 

5. A 4-pitch worm gear has 60 teeth, its worm is single pitch. Find the 
velocity ratio, diameter of gear and size of teeth. 

6. Do worm gears have point, line or surface contact? Prove. 
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Axes, and point of common velocity, 
19, 20 

number in a train, 109 

of rotation, 18 

simultaneous, 16 
Axis, instant, 15 
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Eccentric, 45 
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sectors, 144 
Endless screw, 268 
English system of rope driving, 97 
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Epicycloid, 197 
Escapement, 81 

pendulum, 82 

Face cam, 159 

of a gear tooth, 180 

gears, 249-255 
Fibre ropes, 97 

pulleys for, 98 
Flank, of a gear tooth, 180 
Follower, 7 
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Friction, wheels, 128-152 
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stepped, 264 

table, 114 

twisted, 263 
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design, 182 

worm, 268 

variable velocity, 255 
Globe cam, 159 
Grant's odontograph, 215 
Grooved friction wheels, 12^131 
Guide pulleys, 91 

with non-parallel axes, 92 

Helical gears, 261-280 

motion, 4 
Herringbone gears, 266 
High-speed cam, 168 
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Hindley worm gear, 272 
Hobbing gear teeth, 183 
Hoisting chain wheel, 241 
Hooke's coupling, 59 

joint, 62 
Hyperbolic friction wheels, 135-140 
Hypocycloid, 199 

Index train, 118 
Indicator motion, 68 
Instant center, 15, 19 

axis, 15 
Interference, 191 
Internal gears, 217 
Involute, derivation of, 188 

gear, design of, 194 

spherical, 223 

teeth, 187 

to construct, 189 
Irregular gears, 254 

Kinematical analysis, 8 
Kinematic chains, 41 

Lantern wheel, 236 

Lazy tongs, 68 

Least involute pinion, 192 

follower, 206, 207 
Line of action, 178 
Linear planing process, 183 
Link, reversing, 65 

connectors, 29-38, 40 
Links, for continuous rotation, 56 
Lobed wheels, 148-151 

from the logarithmic spiral, 150 

interchangeable, 150 
Locking ratchet, 84 
Logarithmic spiral, 14&-147 

Machine, 1 
Mechanism, 1 
Mitre gears, 222 
Module, 181 
Morse chain, 248 
Motion, 2 

composition of, 13 

constrained, 6 



Motion, continuous, 6 

diagrams, 10 

free, 6 

forms of, 3 

helical, 4 

intermittent, 6 

laws of, 25-38 

plane, 3 

reciprocating, 6 

relations between heUcal and 
spherical, 4 

resolution of, 10 

spherical, 4 

transmitted by cams, 162 
Multiple ratchet, 78 

Nests of gears, 116 
Non-circular wheels, 140-151 
Normal helix, 264 

Obliquity of involute teeth, 189 
Octoidal teeth, 223 
Odontograph, 211 
Oldham's coupling, 172 
Oval chuck, 174 

Pair, open or force closed, 7 
Pantograph, 66 
Parabolic cam, 168 
Parallelogram, 65 
Path, 3, 7 

of contact, 178, 189, 203 
Pawl, 75 

Peaucellier's motion, 71 
Period, 2 
Phase, 3 
Pin and block, 42 

and slotted crank, 62 

gears, 235-240 

racks, 239 

and slotted bar, 49 
Pinion, least involute, 192 
Pitch arc, 202 

of gears, 181 

number, 181 

point, 188 

of screws, 154 
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Plane motion, 3 
Planetary motions, 124 
Plate cam, 165, 166 
Positive driving, 37 
Propeller screw, 154 
Pulley, cone, 95 

crowned, 88 

differential, 102 

for fibre ropes, 98 

guide, 91, 92 
* Pure rolling contact, 35 

Rack and pinion, 196, 211 
Ratchets, 74-85 

double acting, 77 
Releasing ratchet, 80 
Renold chain, 249 
Resolution of motion, 10 
Reversible ratchet, 76 
Reversing link, 65 
Revolution, 4 

Robert's straight-line motion, 70 
Robinson's odontography 215 
Rolling ellipses, 141, 142 
Rope connectors, 96 

drives, American system, 98 
English system, 97 
wire, 99 
Ropes, fibre, 97 
Rotation, 4 

changed to rectilinear recipro- 
cating motion, 41 
rotative reciprocating motion, 
50 
Running ratchet, 74 

Scott Russell motion, 69 
Screw gears, 267 

threads, 155 
Screws, 153 

differential, 156 

pitch of, 154 

propeller, 155 
Secondary action, annular gears, 220 
Segmental wheels, 143 
Silent ratchet, 76 



Simple harmonic motion of cams, 
167 

trains, 109 
Skew bevel gears, 228-235 
SUder block, 172 

crank mechanism, 41-47 
Sliding contact, 35 
Spherical motion, 4 
Spiral gears, 274 
Sprocket and chain, 243 

chain, length of, 246 

wheel trains, 119 
Spur gears, 176 

elements of, 179 
Standard gear teeth, 184 
Star wheel, 85 
Stepped cone, 95 

gears, 264 
Stopping points, 5 
Straight-line motions, 67-71 

Tackle and falls, 103 
Tchebicheflf's motion, 70 
Teeth, involute, 187 

octoidal, 223 

standard, 186 

stub, 186 
Time table, cam, 170 
Tooth curves, 178 
Trains, differential, 120 

epicyclic, 121 

index, 118 

of mechanism, 106-125 

screw cutting, 112 

sprocket wheel, 119 
Tredgold's method, 225 
Twisted gears, 263 

Universal joint, 59 

Velocity, angular, 5 
diagram, 19, 44 
in direct contact, 27 
linear, 5 

points in bodies, 20 
ratio, 28, 29, 31, 43 
epicyclic trains, 122 
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Velocity ratio, of a train, 106 

of hyperbolic friction wbeelsi 

137 
rule, 34 
of pin and block, 43 

Watt's motion, 67 

Wheel cam, 170 

Whitworth's quick return motion, 48 



Wire rope drives, 99 
Worm gears, 268 

contact, 269 

design, 273 
Wrapping connectors, 32, 86 

intermittent, 103 

for variable velocity ratio, 101 

Yoke cam, 169 
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